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Abstract 

Let G be a connected unipotent group over a finite field ¥q . In this article 
we propose a definition of L-packets of complex irreducible representations 
of the finite group G{¥q) and give an explicit description of L-packets in 
terms of the so-called "admissible pairs" for G. We then apply our results 
to show that if the centralizer of every geometric point of G is connected, 
then the dimension of every complex irreducible representation of G{¥q) is a 
power of q, confirming a conjecture of V. Drinfeld. This paper is the first in 
a series of three papers exploring the relationship between representations 
of a group of the form G{¥q) (where G is a unipotent algebraic group over 
¥q), the geometry of G, and the theory of character sheaves. 

1 Introduction 



In 1960, G. Higman askedQ |Hi60| , p. 29] whether if q is a prime power and n £ N, 



then the dimension of every complex irreducible representation of [/i„(Fg) is a 
power of q. Here, Fg is a finite field with q elements and U L„(Fg) denotes the group 
of unipotent upper-triangular matrices of size n over F^. This question was later 
advertised and popularized by J. Thompson and A. Kirillov, among others. The 
answer is affirmative, and a generalization of this fact (to the so-called "algebra 



groups" over finite fields) was proved by LM. Isaacs in | Isa95 . It is natural to ask 
whether Isaacs's result can be further generalized to groups of the form G(Fq), 
where G is a connected unipotent group over Fg. 

If G is as above, it is not always the case that the dimension of every complex 
irreducible representation of G{¥q) is a power of q. This interesting phenomenon 



was first observed by G. Lusztig, who showed in [Lu06 that if [/ is a maximal 
unipotent subgroup of the symplectic group Sp^ over a finite field F2>-, where 
r 6 N, then C/(F2>-) always has irreducible representations of dimension 2^^^. The 



fake Heisenberg groups introduced in | BD06| (see also § 2.10| below) provide similar 



counterexamples in every characteristic p > 2. 

am grateful to Jon Alperin for providing this reference. 
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In 2005, V. Drinfeld conjectured that if a unipotent group G has the property 
that every geometric point of G is contained in the neutral connected component 
of its centrahzer, then the dimension of every irreducible representation of G{¥q) 
is a power of q. One of the main goals of our paper is to prove this conjecture (see 
Theorem p.5[ ). From the viewpoint of character theory for finite groups, this is the 
most appealing result of the paper. However, we must point out that the proof we 
present (which is the only one known to us) heavily relies on geometric techniques, 
and may appear to be somewhat indirect. In particular, it is based on the notion 
of an L-packet of irreducible representations of G(Fg), which we introduce for an 
arbitrary connected unipotent group G over ¥g, and on our second main result, 
which provides a description of L-packets in more concrete terms. 

The idea of using geometry to study representations of groups of the form 
G(Fg), where G is an algebraic group over F^, is not new. For reductive G, one has 
the theory of Deligne and Lusztig, which constructs many virtual representations 
of G(Fq) in the £-adic cohomology of certain varieties X over ¥q with a G-action, 
as well as Lusztig's theory of character sheaves, which expresses the irreducible 
characters of G{¥q) over as linear combinations of the "trace of Frobenius 
functions" of certain irreducible perverse £-adic sheaves on G. 



The case of unipotent G was also originally considered by Lusztig. In [ LuO(f he 



predicted the existence of an interesting theory of character sheaves for unipotent 
groups in positive characteristic^ and defined the character sheaves in an ad hoc 
manner for the maximal unipotent subgroup^ U of the symplectic group Sp^ over 
a field of characteristic 2. Lusztig proved, moreover, that if the ground field is a 
finite field F2>-, then the trace functions associated to the character sheaves on U 
form a basis of the space of class functions on U {¥2^ ) , and the relationship between 
these functions and the irreducible characters of C/(F2>-) is similar to the one that 
exists in the theory of character sheaves for reductive groups over finite fields. 

Lusztig's work led Drinfeld to formulate a series of definitions and conjectures 
that should form a basis of a general theory of characte r shea ves for unipotent 
groups in positive characteristic. We refer the reader to |BD06|] for an overview. 



At present many of these conjectures are already known |BD08, BolOt| 



The approach taken in the present article is somewhat different, although 
the methods we use are closely related to those proposed by Drinfeld and Lusztig, 



and they form a basis for | BD08 , BolObj. Character sheaves do not appear in this 
paper, but our goal is still to study irreducible representations of G{¥q) by relating 
them to constructible ^-adic complexes on G, or, more precisely, to objects of the 
equivariant derived category ^g(G). 



■^In characteristic zero, a unipotent group is "the same" as a finite dimensional nilpotent Lie 
algebra, and ip this case the theory of character sheaves is essentially equivalent to Kirillov's orbit 



method p<i62| . In particular, character sheaves themselves are simply the Fourier transforms of 

the constant rank 1 local systems on the coadjoint orbits for the group. 

^This is the first interesting example where the orbit method does not apply, cf. [BDOC]. 
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Our work can be thought of as an attempt to geometrize two classical and 
well known results of character theory for finite groups, which we now state. If F 
is a finite group, let Fun(r)'" denote the space of conjugation-invariant functions 
r — > C. It is a commutative algebra under convolution of functions. The first 
result is that there is a natural bijection between complex irreducible characters 
of r and the minimal (in other terminology: "indecomposable" or "primitive") 



idempotents in Fun(r)'", given by x < — ^ |r|~^x(l) ■ X (see, e.g., [BD06]). The 
second result is that if F is nilpotent, then every complex irreducible representation 
of F is induced from a 1-dimensional representation of a subgroup of F. 

In this paper, the word "geometrization" refers to replacing finite groups with 
algebraic groups G over finite fields Fg and studying representations of groups of 
the form G(Fq) by relating them to the geometry of G. The ground field for the 
representations is taken to be rather than C. Geometrization also involves re- 
placing functions on finite groups with (complexes of) constructible £-adic sheaves 
on algebraic groups and using Grothendieck's sheaves-to- functions correspondence. 

The geometric analogue of the bijection between irreducible characters of a 
finite group F and minimal idempotents in Fun(F)'" is not a result at all, but 
rather a definition. More precisely, for a connected unipotent group G over F^, 
we propose a definition of L-packets of irreducible representations of G{¥q) based 
on the notion of a "weak idempotent" in the equivariant derived category &g[G) 



(Definition 2.7). For groups G of this type, the result on representations of finite 
nilpotent groups mentioned above has a geometric analogue, which is more subtle: 
it becomes an explicit description oj L -packets in terms of the so-called "admissible 



pairs" for G (Theorem 2.14). This is the second main result of our work. 



We tried to keep the amount of geometry involved in our proofs to a minimum. 
In particular, not all the structures present on &g{G) have been explored. Notably, 
we avoided using the braided monoidal structure on this category: only the square 
of the braiding appears in the proof of Theorem ^.5|, and only does so implicitly. 
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2 Main definitions and results 



In this section we state the two main resuhs of our work (Theorems 2.5 and 2.14) 



explaining most of the relevant definitions (although some technical det ails are 



postponed until later sections) and giving some historical background. In § 2.1C we 
illustrate our theory by describing the L-packets of irreducible representations of 
G{¥q), where G is a so-called "fake Heisenberg group" over F^. The strategy we 
use to prove our main results is outlined in Section ^ below. 

2.1 Conventions 

If k is any field, an algebraic group over k is defined as a smooth group scheme of 
finite type over k. We recall that "smooth" is equivalent to "geometrically reduced" 
in this situation, and if k is perfect, the word "geometrically" can be omitted. By 
a unipotent group over k we will mean a unipotent algebraic group (in particular, 
smooth) over k. We denote by Qi a fixed algebraic closure of the field Qi of €-adic 
numbers, and whenever the notation is used, we invariably assume that £ is a 
prime different from the characteristic of the base field k. 

Our conventions regarding finite fields are as follows. Let p be a prime number, 
fixed once and for all, and let F be a fixed algebraic closure of the finite field Fp 
with p elements, li q — p^ for some r G N, we write F^ for the unique subfield 
of F consisting of q elements. All representations of finite groups that we consider 
are assumed to be defined over Q^, where I ^ p. (This restriction only becomes 



relevant when we use geometric methods coming from f-adic cohomology | SGA5 |. 
Much of our theory can be developed over an arbitrary algebraically closed field of 
characteristic 0, but for consistency we will work over throughout this article.) 

2.2 Easy unipotent groups 



Let us recall a definition from |BD06 



Definition 2.1 Let k be a field and k an algebraic closure of k. An algebraic group 
G over k is said to be easy if every g G G(k) is contained in the neutral connected 
component, Z{g)° , of its centralizer, Z{g), in G ®k k. 

It is clear that an easy algebraic group G over k has to be connected (if not, 
then applying the definition to any element g G G{k) that does not belong to the 
neutral connected component (G CS)fe k)° leads to a contradiction). 

The group GLn is easy. A connected reductive group in characteristic is 
easy if and only if its derived group is simply connected and its center is connected. 
From this point on, all easy groups discussed in this article will be unipotent. 

Remark 2.2 We know of no examples of easy unipotent groups G that do not 
satisfy the stronger condition that the centralizer of every geometric point of G is 
connected. It appears plausible that there are no such examples. 
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We observe that if k has characteristic zero, then every unipotent group over 
k is connected, and since closed subgroups of unipotent groups are unipotent, it 
follows that every unipotent group over k is easy. Therefore, from now on we will 
only be interested in the case char fc > 0. 

The first obvious example of an easy unipotent group in positive characteristic 
is provided by J7L„, the so-called unipotent linear group, defined as the group of 
unipotent upper-triangular matrices of size n. More generally, if G is any reductive 
group over k and [/ is a maximal connected unipotent subgroup of G, then U is 
easy provided the characteristic of k is large enough (depending on the types of 
the simple constituents of G®kk). For instance, if G is the symplectic group Sp2n, 
where n > 2, then U is easy if and only if char/c > 2. 

Another type of generalizations of the group C/L„ comes from the so-called 
"algebra groups". If A is a finite dimensional associative unital /c-algebra, let J 
be the Jacobson radical^ of A, and let G{A) denote the algebraic group over k 
defined as follows. For any commutative fc-algebra i?, we let G{A){R) denote the 
multiplicative group of all elements oi R®kAoi the form x, where x S R®kJ- 
Then G{A) is an easy unipotent group over k because the centralizers of geometric 
points of G{A) can be identified with linear subspaces of k ®k J ■ We call G{A) 
the unipotent algebra group associated to A. Observe that if A is the algebra of all 
upper-triangular matrices of size n over k, then G{A) = ULn. 

The example of a maximal unipotent subgroup U of S'p4 over the finite field 
F2'-, where r G N, was originally considered by Lusztig. This group is not easy. 
Lusztig computed the character table of U{¥2^) in §7 of |Lu06| and found that 
this group has irreducible representations of dimension 2''"^. The fake Heisenberg 



groups defined in |BD06 (see also §2.10 below) are also not easy (Lemma 2.16). 



2.3 Representations of algebra groups over finite fields 

It is known that the dimension of every irreducible representation of U L„ (Fg) i s 
a power of q, which yields an affirmative answer to a question of Higman [Hi60|. 
A stronger and more general result is provided by 

Theorem 2.3 (Halasi) If A is a finite dimensional algebra over¥q, then every 
irreducible representation of G{A){¥q) is induced from a 1-dimensional represen- 
tation of a subgroup of the form G{B){¥q), where B C A is an ¥q-subalgebra. 



Corollary 2.4 (Isaacs) In the situation of Theorem 2., 
irreducible representation of G{A){¥q) is a power of q. 



the dimension of every 



Theorem 2.3 was first stated by E. Gutkin in [Gu73|; howev er, Gutkin's proof 
of it was incomplete. I. M. Isaa cs proved Corollary 2.4 in [ [sa95 |. Later, Z. Halasi 
proved Theorem 2.3 in [IIa04 ; it is worth noting that his proof uses Corollary 



Since A is clearly Artinian as a ring, J is also the maximal two-sided nilpotent ideal of A. 
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2.4 in an essential way. A more direct proof of Theorem 2.3, based on Halasi's 



methods, was given in [B0O6 , and an improved version later appeared in [BolOaj. 



One of the main goals of this article is to extend Corollary 2.4 to all easy 



unipotent groups over finite fields. The result (Theorem 2.5) is stated below 



2.4 Character degrees of easy unipotent groups 



One of the main results of this paper is the following theorem, proved in §9.4 



Theorem 2.5 (Main Theorem 1) If G is an easy unipotent group overWg, the 
dimension of every irreducible representation of G{¥q) is a power of q. 

This result was conjectured by V. Drinfeld in 2005. In our opinion, it explains 
the "geometry behind [the positive answer to] Higman's question." 

After the first version of this article was written, V. Drinfeld informed us that 



the following extension of Theorem 2.3 (which gives a weaker result when applied 
to unipotent algebra groups) can be proved. 

Theorem 2.6 If G is an easy unipotent group overWq, then every irreducible rep- 
resentation of G{¥q) is induced from a 1-dimensional representation of a subgroup 
of the form P{¥q), where P G G is a closed connected subgroup. 



We note that this result implies Theorem 2.5, because the index of -P(Fq) in 
G(¥q) equals qdimG-dimP_ However, the proof of Theo rem 2.6 relies on many of 
the key ingredients needed for our proof of Theorem 2.5. With his kind permission, 
we reproduce Drinfeld's proof of Theorem 2.6 in Appendix B. 



2.5 Prom easy to arbitrary connected unipotent groups 



It turns out that in order to prove Theorem 2.5 one has to formulate and prove 
a more general statement about irreducible characters of G(¥q) for an arbitrary 
connected unipotent group G over Fg. The reason is that all approaches to rep- 
resentation theory for unipotent groups known to us are based on induction on 
dim G in one way or another, reducing the questions one is interested in to simi- 
lar questions for subgroups of G of smaller dimension. For instance, the proof of 
Theorem 2.3 ultimately relies on the possibility of constructing many nontrivial 
multiplicatively closed subspaces inside the Jacobson radical J{A) of a finite di- 
mensional algebra A. However, if G is an arbitrary easy unipotent group over F^, 
it is not known to us how to construct sufficiently many easy subgroups of G to 



make it possible to give an inductive proof of Theorem 2.5. On the other hand, G 



has lots of connected closed subgroups, and most of our paper is devoted to the 
study of arbitrary connected unipotent groups over finite fields. 
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2.6 Definition of L-indistinguishability 



In the remainder of this section we will freely use the language of ^-adic cohomology 
pGA4| |SGA4:y , ISGAsj . A brief review of the terminology appears in the first half 



of Section 

Let G be a connected unipotent group over ¥q, and let /i : G x G — > G be 
the multiplication morphism. The definition of the equivariant derived category 
^g(G), together with the functor of convolution with compact supports, 

^g(G) X ^g(G) — > 2!g{G), {M,N) I — >M*N = Rfii{M M N), 



is recalled in §4.5. An object e 6 S)g{G) is said to be a weak idempotent if e*e = e. 
If this holds, it is clear that the associated trace function : G{¥q) — > Qi is a 
central idempotent with respect to the usual convolution on the space of Q^- valued 
functions on G(Fg). In particular, tf, acts either as zero or as the identity in every 
irreducible representation of G(Fg). 

Definition 2.7 Two irreducible representations, pi and p2, of G{¥q) are said to 
be L- indistinguishable if for every weak idempotent e G &g{G), the function te acts 
in the same way in pi and in p2- The equivalence classes with respect to the relation 
of L-indistinguishability are called L-packets of irreducible representations. 

Remark 2.8 (Drinfeld) The conjectural notion of an L-packet in representation 
theory of reductive groups over local fields was introduced by R.P. Langlands in 
It is hard to compare it with the notion introduced above because technically 



the two definitions are given in quite different terms. However, the philosophical 
ideas behind them are the same. 



2.7 Multiplicative local systems 

If G is an arbitrary connected unipotent group over F^, it is not at all clear how 
to describe all weak idempotents in the category &q{G). For instance, it is not 
even obvious that there are any apart from the zero object and the unit object 



1. In §2^ we will state our second main result (Theorem 2.14 ), which yields a 
description of L-packets of irreducible representati ons of G{¥q) in terms of more 
concrete objects, the so-called "admissible pairs" (§p.8[) for G. This description is 



one of the key ingredients in our proof of Theorem |2.5| . In § 2.10| below, we show 



how it can be used to describe all L-packets of irreducible representations of G(Fg) 
when G is a fake Heisenberg group over ¥q. We begin by introducing 

Definition 2.9 If k is afield and t is a prime different from chax k , a nonzero Q^- 
local system C on a connected algebraic group H over k is said to be multiplicative 
if p*{C) = CM C, where p : H Xk H — > H denotes the multiplication morphism. 
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Remark 2.10 If k = Vq and C is a multiplicative Q^-local system on H , it is clear 

that the "trace function" (^4-^) defined by £ is a homomorphism H{¥q) — . 
Moreover, C can he recovered from tc up to isomorphism. If H is commutative, 
every homomorphism H(¥q) — > arises in this way (cf. Proposition A. It). 
For noncommutative H, this statement fails in general, even if H is unipotent (cf. 



the example of the fake Heisenberg groups discussed in \BD06^ and in ^2.1L ). 



2.8 Admissible pairs 

Let {H, C) denote a pair consisting of a closed connected subgroup H C G and 
a multiplicative Q^-local system C on H. The notion of what it means for this 



pair to be admissible is introduced in §7.3. The precise definition is somewhat 



technical, so here we will only remark that admissibility is a certain geometric 
nondegeneracy condition. (In this context, the word "geometric" refers to the fact 
that this property depends only on the triple (G®f ¥,II®r ¥,C^r F) obtained 
from (G, H, C) by base change to F, an algebraic closure of ¥q.) It should be 
thought of as a geometrization of the following purely algebraic version. 

Definition 2.11 Let T be a finite group, and consider a pair {H,x) consisting of 
a subgroup H d V and a homomorphism x '■ H — > . Let V be the stabilizer 
of the pair {H,x) for the conjugation action ofT. We say that the pair {H,x) is 
admissible if the following three conditions are satisfied: 

(1) T'/H is commutative; 

{2) the map : [T'/H) x {T'/H) induced by (71,72) ^ x{lil2li^l2^) 

(which by (1) is well defined and bi-additive) is a perfect pairing of finite 
abelian groups, i.e., induces an isomorphism T'/H IIom(r'/iJ, ),• and 

(3) for every g e T , g T' , we have x\HnH!> ^ ^^lifnffs' ^^^'^^ = 9^^Hg and 
■ H^ — > is obtained from x by transport of structure. 

Remark 2.12 Conditions (1) and (2) in the algebraic definition of admissibility 
imply that the group T' has a unique irreducible representation over which 
acts on H by the homomorphism x- Condition (3) further implies that the induced 
representation Indp/ tt^ is irreducible {in view of Mackey's irreducibility criterion). 
The geometric notion of admissibility serves a somewhat similar purpose. 



2.9 Explicit description of L-packets 

We now return to the geometric setting. Let G be a connected unipotent group 
over ¥q, and (iJi, £1), {H^^C^) two pairs consisting of closed connected subgroups 
Hi,H2 C G and multiplicative local systems Cj on Hj {j = 1,2). We say that 
these pairs are geometrically conjugate if there exists g G G{¥) which conjugates 
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one of them into the other. Note that, in general, geometric conjugacy is weaker 
than conjugacy by an element of G{¥q). 

Definition 2.13 Let be a geometric conjugacy class of admissible pairs {H, C) 
as above for G. We define a set of (isomorphism classes of) irreducible 

representation of G{¥q) over as follows. We say that p £ L{^) if there exists 
{H,C) e such that p is an irreducible summand o/ Ind^'^p'''!| tc. 

It is immediate that each of the sets L{'^) is nonempty. The second main 
result of our paper claims that the sets L(^) are precisely the L-packets of irre- 
ducible representations of G{¥q). We prove it in |9.2| . This result, along with the 
definition of admissible pairs, was also formulated by V. Drinfeld. 

Theorem 2.14 (Main Theorem 2) Let G be a connected unipotent group over 
¥q. For every geometric conjugacy class ^€ of admissible pairs for G, the set L{'^) 
is an L -packet. Conversely, every L-packets of irreducible representations ofG(¥q) 
is of the form L{'^) for some geometric conjugacy class of admissible pairs. 

Corollary 2.15 With the notation above, 

(a) every irreducible representation of G{¥q) over Qg lies in L{^) for some geo- 
metric conjugacy class 'if of admissible pairs for G; and 

(b) if'ifi and are two geometric conjugacy classes of admissible pairs for G, 
the sets and L{^^2) o.i'^ either equal or disjoint. 

Note that, a priori, neither of the statements of this corollary is obvious. 



2.10 Example: L-packets for the fake Heisenberg groups 

We conclude this overview with an example which to some extent motivated the 
notion of an admissible pair. If fc is a field of characteristic p > 2, we define a fake 
Heisenberg group over fc to be a connected noncommutative unipotent algebraic 
group G over k of exponent p and dimension 2 (hence the word "fake" ). The reason 
for imposing the restriction p > 2 is that every 2-dimensional unipotent group in 
characteristic is commutative (which follows from the corresponding statement 
for Lie algebras), and that every group of exponent 2 is commutative^. 

However, if p > 2, there are plenty of examples of fake Heisenberg groups over 



¥q: see [BD06]. Here we will describe the L-packets of irreducible representations 



for such groups. We begin with a simple auxiliary result. 

Lemma 2.16 If G is a noncommutative connected unipotent group of dimension 
2 over a field k, then the only nontrivial proper closed connected subgroup of G is 



its commutator, [G,G]. Moreover, such a group G is not easy {Definition 2.1 ) 



^In characteristic 2, there also exist connected noncommutative 2-dimensional unipotent 
groups, but they all have exponent 4. 
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Proof. The assumptions imply that [G, G] is connected and dim[G, G] = 1, so that 
dimG"'' = 1 as weh, where G"'' — G/[G,G] is the abehanization of G. Moreover, 
[G, G] is contained in the center of G. Now let C G be a proper closed connected 
subgroup, and suppose H gl [G, G]. Then H projects epimorphically onto G"**, 
which implies that G = H ■[G,G]. Hence [G, G] ^ as well. Therefore [H, H] c 
Hn[G, G] is connected and 0-dimensional, whence trivial. Thus H is commutative. 
This implies that G is commutative, which is a contradiction. 

For the second claim, note that if 17 is a geometric point of G which does not 
lie in the center of G, then Z{g) ^ G k, whereas [G, G] ®k k C Z{g), whence 
Z{g)° = [G, G] (g)fe fc, which implies that g ^ Z{g)°(k). □ 

Let G be a fake Heisenberg group over Fg, and consider a pair (iJ, C) consist- 
ing of a closed connected subgroup H <Z G and a multiplicative Q^-local system C 
on H. li H = G, this pair is trivially admissible; its geometric conjugacy class 
reduces to the single pair (-ff, £); and the corresponding L-packet L{'^) consists 
of the single 1-dimensional representation tc '■ G(Fg) — > . 

Usually, however, not every L-packet of irreducible representations of G(Fg) 
is of this form. For instance, if G(¥q) is noncommutative, it has irreducible rep- 
resentations of dimension > 1. On the other hand, in many cases where G{¥g) 
is commutative, not every 1-dimensional representation of G{¥q) comes from a 
multiplicative local system on G. 

To find other L-packets of irreducible representations of G(Fq), we must allow 
H ^ G. It is clear that H cannot be trivial, so by Lemma p. 16 , the only remaining 



possibility is H — [G, G]. In this case H is central in G, so every Q^-local system 
on H is automatically G- invariant. It is easy to check that if £ is a multiplicative 
Q^-local system on H, the pair {H, C) is admissible for G if and only if C is 
nontrivial. Moreover, in this case, the geometric conjugacy class of [H, C) also 
reduces to the single pair {H,C), and the corresponding L-packet L{'tf) consists 
of all irreducible representations of G(Fg) that act by the scalar tc on [G, G](Fg). 

3 The structure of the proofs 



In this section we describe the methods we used to prove Theorems 2.5 and 2.14 



stating several other results that are interesting in their own right along the way. 
The main technical tools used in our proofs are: 

• the equivariant derived category SIg(G) for a unipotent group G, along with 
the bifunctor [M, N) 1 — > M * N oi convolution with compact supports and 
the collection of "twists" Om ■ M ^ M defined for aU M e ^g{G); 

• the functor of induction with compact supports ind^/ : &g'{G') — > !^g{G), 
defined for any closed subgroup G' C G; and 
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• the notion of an admissible pair for G, along with an extension of Serre 
duality Se6C[ to noncommutative connected unipotent groups. 



The first two of these are introduced in Sections ^ and ^ respectively, where we 
also establish some auxiliary results involving these technical tools. The extension 
of Serre duality to the noncommutative setting, along with some new results on 
the classical Serre duality and bi-extensions of connected commutative unipotent 
groups by Qp/ Zp, a ppears in the (rather ext ensi ve) Appendix. Admissible pairs 
are defined in §7^. The proofs of Theorems |2.5| and 2.14 occupy Sections 



together, they can be split into the following sequence of steps. 

3.1 Step 1 

Let G be a connected unipotent group over ¥q. We begin by proving the one 
result which explicitly relates representations of G(Fg) with the geometry of G: 
namely, that for every irreducible representation p of G{¥g) over Q^, there exists 
a geometric conjugacy class of admissible pairs for G such that p lies in L{'t^) 
(cf. Definition pl3| ). Theorem ^ gives a slightly more precise statement. 



One of the ingredients in this step should be useful in other situations. 



Namely, in Proposition 7/7 we formulate a condition under which a multiplica- 
tive Qf-local system on a closed connected subgroup H of a connected unipotent 
group G can be extended to a multiplicative Q^-local system on all of G. 

3.2 Step 2 

Next we relate admissible pairs to L-packets. If (iJ, C) is an admissible pair for a 
unipotent group G over an arbitrary field k, we consider the object ec = Kh<E)JO G 
@h{H), where Kjy S SIh{H) is the dualizing complex of H . One checks easily that 
ec* ^c — e£, i.e., ec is a weak idempotent. If G' is the stabilizer of {H, C) for the 
conjugation action of G, it is easy to see that the extension of ec by zero to all 
of G' defines an object S ^g'(G'). Of course, is also a weak idempotent. 
Finally, we apply the functor of induction with compact supports, and we show 
that en.c ■= indg, e£ is a minimal weak idempotent in &g{G), i.e., a nonzero 
weak idempotent such that if e G &g{G) is any weak idempotent, then either 
e_f/,£ * e = 0, or eu.c * e = en.c- these results are proved in Sections ^ and |[ 



One of the ingredients here is a more general result, proved in §5.8, which gives 
a condition on a given weak idempotent e G ^g'(G') under which / — indG/(e) is 
a weak idempotent in &q{G) and the functor indg, restricts to an equivalence of 
semigroupal categories e* SIqi{G') — > f * ^g{G). The condition is reminiscent of 
Mackey's criterion for the irreducibility of an induced representation. 
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3.3 Step 3 

We explore the relationship between the functor ind^/ and the operation of induc- 



tion of class functions studied in §3.7 to prove that in the situation of Step 2, if G 
is connected, k — ¥q, and is the geometric conjugacy class of the admissible pair 
{H,C), then the set L{'^) of irreducible Q^-representations of G{¥q) introduced 



in Definition 2.13| coincides with the set of irreducible Q^-representations of G(Fg) 



on which the trace function ^ : G(Fg) — > acts as the identity. 

Remark 3.1 The functor indg, is often not compatible with induction of class 
functions on the nose (unless G' is connected), which is why we must work with ge- 
ometric conjugacy classes of admissible pairs, rather than G{¥q)- conjugacy classes. 



After we put the previous steps together, proving Theorem 2.14 becomes 
very easy. Namely, let e G &g{G) be any weak idempotent. If te = 0, then we can 
discard e while trying to describe i-packets. Otherwise there exists an irreducible 
Q^-representation p of G(Fq) on which te acts nontrivially. By Step 1, there exists a 
geometric conjugacy class of admissible pairs for G such that p g L{'-^). By Step 
3, if (iJ, C) e then te^ ^ ^'^^^ nontrivially on p. This implies that tg * t^^ ^ ^ 0. 
A fortiori, e * eH,c 7^ (as convolution of functions is clearly compatible with the 
convolution with compact supports of £-adic complexes). By Step 2, this implies 
that e * chx — and therefore, applying Step 3 again, we see that e acts as 

the identity on every irreducible representation of G(Fg) appearing in L{^). This 
result, together with the statement proved in Step 1, implies Theorem ^.14 , 



3.4 Step 4 

Now let G be an easy unipotent group over Fg. In the proof of Theorem |2.5| we 
use the result of Step 1 above (but not the results of Steps 2 and 3). Thus let p be 
an irreducible Q^-representation of G(Fq), and choose an admissible pair {H,C) 

for G such that p is an irreducible summand of Ind^|p''!| tc- 

We employ the compatibility of the functor in d^, w ith twists (Proposition 



5.17 ) and the triviality of twists in S>g{G) (Lemma 4.16 ) to prove that if G' is 
the stabilizer of {H, C) for the conjugation action of G, then G' is necessarily con- 
nected and the homomorphism { G' / H )perf — > {G' lH)perf appearing in the defi- 



nition of an admissible pair (see §7.3) is an isomorphism (not merely an isogeny). 
Here, {G' / H)perf denotes the pe rfect izatio n of the group G' / H (see § |A.3| ), and 
{G'/H)l^^j: is its Serre dual (see §|j and §^). 



From this we deduce that G'(Fg) has a unique irreducible Q^-representation p' 
which acts by the scalar tc on H{¥q). Mackey's criterion implies that Indg,|-j^^ p' 
is irreducible, and Frobenius reciprocity forces p = IndgJ^^'^ p'. In particular, 
dimp = gdimG-dimG' . (^^^1 p' (bccause G' is connected). 
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3.5 Step 5 

To complete the proof of Theorem 2.5 we must demonstrate that, in the situation 



of the previous step, the dimension of p' is a power of q. Since dimp' = [G"(Fq) : 
i?(Fq)]^/^, this is the same as showing that dim(G"/iJ) is even. In view of the fact 
that the canonical map (G'/i?)per/ — > [G' / H )*^^^f is an i somo rphism, this follows 



from a more general result. Proposition A. 28, proved in §A.ll 



Remark 3.2 As we already mentioned in the Introduction, in this paper we do 
not define or use the braided monoidal structure on the category 2!q{G), without 
which the significance of the "twists" in ^q{G) cannot he fully appreciated (see 
pD06 ]). However, we believe that the full power of the geometric techniques should 



he reserved for the theory of character sheaves. 

The reader who is only interested in understanding the general ideas behind 
our arguments does not have to read any further. The missing details of the proofs 
sketched above are filled in the remaining sections, which are more technical. 

3.6 On Serre duality 

We end with a comment on the notion of a multiplicative Q^-local system used 
in the main body of the paper and the Serre duality studied in the Appendix. In 
the proofs of our main results, Serre duality serves mostly as a tool, and if G is a 
connected unipotent group over a perfect field k of characteristic p > 0, we think 
of the Serre dual G* of G as the "moduli space of multiplicative Q^-local systems 
on G". However, if one wishes to prove foundational results about Serre duality, 
the most natural framework (which, in particular, is independent of C) is that of 
central extensions by the discrete group Qp/Zp. It would have been inconvenient 
for us to choose one of these viewpoints once and for all, and to completely discard 



the other one. The relationship between them is described in §7.2 



4 The category ^g{G) and L-packets 

4.1 Derived categories of constructible £-adic complexes 



Fix an arbitrary field k and a prime £ ^ charfc (in §4.2 and § [4.^ , we take k to 
be finite). Throughout this section we will work with schemes of finite type over 
k. If X is such a scheme, one defines the bounded derived category Z?^(X, Q^) of 
constructible complexes of Q^-sheaves on X. We will denote this category simply 
by !^{X), with the understanding that £ is fixed once and for all. It is a triangulated 



-linear category. For perfect k the definition of ^^{X) appears in [Ek90], and in 



general we define !^{X) = &{X 0^ k^'^^^), where fcP*^''^ is the perfect closure of k 

Remark 4.1 For the purposes of this work, it would be enough to consider the 
case where k is finite or algebraically closed. Here the definition of &{X) is more 
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classical [DeSL, SGA4, "SGA^j. However, with future applications in mind, we 
consider the more general case in this section. 

We will often use Grothendieck's "formalism of the six functors" for the 



categories (as well as their equivariant versions, defined in §4.3 below). 

For a morphism / : X — Y of fc-schemes of finite type one has the pullback 
functor /* : &{Y) — > S>{X), the pushforward functor : ^{X) — > ^{Y), 
the functor /i : !^{X) — > 2i{Y) (pushforward with compact supports), and the 
functor /• : &{Y) — > S!{X). We always omit the letters "L" and "R" from our 

L 

notation for the six functors; thus, f\ stands for Rfi and ® stands for , etc. 



Remark 4.2 In j^GAA^ / the functor f\ is defined for separated morphisms f 
when k is finite or algebraically closed. This case would suffice for the purposes of 
the present work. However, the formalism we need was extended to arbitrary fields 



k in ^ Ek9Cl, and the assumption that f is separated is unnecessary LOOlj. 



The most important result we will need is t he prope r base change theorem; 
see Exp. XII and XVII in [^GA4|| and Exp. IV in |SGA4^[ f or the case where k is 
finite or algebraically closed; and Theorem 6.3(iii) in [ Ek90 for the general case. 



Theorem 4.3 (Proper base change) Consider a cartesian square 




of k-schemes of finite type. There is a natural isomorphism of functors 
{9*of.)^{f{og'*):&{X)^&{Y'). 



(4.1) 



4.2 Reminder on the sheaves-to-functions correspondence 

In this subsection we assume that the base field is finite: fc = Fg. Let X be a 
scheme of finite type over F^. Given an object M e 2l{X), one can define the 
corresponding function tM '■ X{¥q) — > Q^. Namely, a point x € X{¥q) can be 
thought of as an F^-morphism x : SpecFq — > X. Then x*M e ^(SpecF^), and 
the cohomology sheaves H^{x*M) = x*W{M) are constructible ^-adic sheaves on 
SpecFq, i.e., continuous finite dimensional representations of the absolute Galois 
group Gal(F/Fg) over Q^. Let Fq G Gal(F/Fq) be the geometric Frobcnius, defined 
as the inverse of the Frobenius substitution a 1 — > a'^. Then one defines 

iM(a;) =5](-l)^ •tr(^^,;-W^(x*M)). 
The main properties of the map M 1 — > tM are summarized in 



14 



Lemma 4.4 Let X and Y be schemes of finite type over ¥q, and let f : X — > Y 
be an ¥ q-morphism. 

(1) //iV e &{Y), then tf,^ = f*tN tN o /. 

(2) If M, K G &{X), then tM®K = tM ■ tK {pointwise product). 

(3) Assume that f is separated. If M £ 2>{X), then tf,M — ftn, where, by abuse 
of notation, we also write f for the induced map of sets X[¥q) — > Y{¥q), and 
if\tM)iy) = Exe/-ife) ^Mix). 

Of these, (1) and (2) follow rather easily from the definitions, while (3) is 
more subtle. It follows from the proper base change theorem and the special case 
of (3) where Y — SpecF^, which is known as the Lefschetz-Grothendieck trace 
formula; see Theorem 3.2 of "Rapport sur la formule des traces" in 



3GA4| 



4.3 Equivariant derived categories 

We return to the situation where the base field k is arbitrary. Let G be an algebraic 
group over fc, let X be a scheme of finite type over fc, and suppose that we are 
given a regular left action of G on X. We would like to define the "equivariant 
derived category" S!a{X). 

In general, to get the correct definition one must either adopt the approach 



of Bernstein and Lunts |BL94| (when G is afline), or use the definition of i-a,dic 



derived categories for Artin stacks due to Laszlo and Olsson [LO08| and define 
9g{X) = &{G\X), where G\X is the quotient stack of X by G. 

From now on we assume that G is unipotent. In this case one knows that 



the naive definition of !^g{X) (taken from |BD06|), given below, already gives 
the correct answer. Roughly speaking, this definition amounts to looking at the 
"category of G-equivariant objects in f^(X)" . 

Let us write a : G x X — > X for the action morphism and tt : G x X — > X for 
the projection. Let ^ : G x G — > G be the product in G. Let 7r23 '■ GxGxX — > GxX 
be the projection along the first factor G. The category ^g{X) is defined as follows. 

Definition 4.5 An object of the category &g(X) is a pair {M,(j>), where M G 
^^{X) and (j) : a*M i:* M is an isomorphism in &{G X) such that 

wU^) o (idc xa)*(0) = (^ X idx)*((/.), (4.2) 

i.e., the composition of the natural isomorphisms 

(idc xa)*a*M = {^i x idx)*a*M (^^"^^^''^^^ > x idx)*7r*Af = 7r*37r*M 
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equals the composition 

(idc xa) a M > (idc xa) tt Ad = 7r23a M > 1^2?,''^ 

A morphism (Af, 0) — > (N^iIj) in ^(^(X) is a morphism v : M — > N in S>{X) 
satisfying ip o a*{i') = 7r*(z^) o 0. The composition of morphisms in Sg(X) is 
defined to be equal to their composition in ^^{X). 

Remark 4.6 IfG is a connected unipotent group, the forgetful functor S!g{X) — > 
!^{X) is fully faithful. 



4.4 Functors between equivariant derived categories 



In the situation of §4.3, let us assume that H is another unipotent group over k 
acting on a scheme Y of finite type over k. Suppose we are given a homomorphism 
i : G — > H of fc-groups and a morphism / : X — > Y of fc-schemes which is 
G-equivariant with respect to the G-action on Y induced by i. Then the functor 
/* : &{Y) — > &{X) naturally hfts to a functor /* : S>h{Y) — > &g{X). 

In the special case where H = G and i is the identity, we can also define a 
functor f\ : 2!g{X) — > &g{Y). Indeed, we have cartesian diagrams 



GxX 



X 



ido X/ 



/ 



G X y and GxX 



■GxY 



Y 



X 



f 



Y 



where ax, cty are the action morphisms and ttx, Try are the projections, so Theo- 
rem O implies that /i : S){X) — > &{Y) lifts to a functor f^ : 'Sg{X) — > 'Sg^Y). 



From now on we assume that if / is an equivariant morphism between k- 
schemes of finite type equipped with a G-action, then /* and f\ are understood as 
functors between the corresponding equivariant derived categories. 



4.5 Convolution in ^(G) and ^g(G') 

Let G be an algebraic group over an arbitrary field fc, and /i : G x^ G — > G the 
multiplication morphism. The bifunctor 

Si(,G)x<3(G) ^ <2i(G), {M,N)^ M*N ^ fM{MmN), (4.3) 

is called the convolution with compact supports. Replacing fi\ with /i, in the above 
definition would yield the "usual" convolution bifunctor; however, convolution with 
compact supports is the only one that will be used in this article, and will be 
referred to simply as "convolution" of constructible £-adic complexes on G. 
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It is easy to construct an associativity constraint for the bifunctor *, and 
check that it makes ^(G) a monoidal category, where the unit object 1 is the 
deha-sheaf at the identity element of G, i.e., 1 = l*Qf = liQ^- 



Lemma 4.4 impUes that the bifunctor * is compatible with convolution of 
functions via the sheaves-to-functions correspondence. Namely, for a finite group 
r, let us define the convolution of two functions /i,/2 : T — ¥ Qi by the formula 
(/i * /2)(g) = Y.ferh(l)hh^^9)- Then, for any algebraic group G over F, and 
any AI, N G ^(G), we have tM*N — tu * as functions on G{¥q). 

Next, suppose that G is a unipotent algebraic group over k. Unless otherwise 
explicitly stated, whenever we consider a G-action on itself, we will always mean 
the conjugation action. We also have the induced action of G on G G (by 
simultaneous conjugation), an d th e multiplication morphism /i : G G — > G is 
G-equi variant. It follows (see § [4.4| ) that (O) can be upgraded to a bifunctor 



^g(G) X ^g(G) — > &g{G), {M,N) I — yM^N^ n,{M I 
which we also call convolution with compact supports. 



\N), (4.4) 



Just as in the non-equivariant case, (4.4) can be upgraded to a monoidal 
structure on the category &g{G). Moreover, this category has a natural braiding, 
defined explicitly in | BD06| . We will only need a weaker assertion: 



Lemma 4.7 There exist functorial isomorphisms 13m, n 
aUM,Ne^G{G). 

Proof. Consider the commutative diagram 



M *N N * M for 



GxG' 



GxG- 



GxG 



G, 



where T{g,h) := {h,g) and £,ig,h) (.g, 
and the above diagram shows that N * M 
define Pm,n ■■ ^l\iMMN) ^ ^i<^,XMMN) by I3m,n := M!(/), where / : MMN 
^\{M Kl N) comes from the G-equivariant structure on N. 



-^hg). We have M * TV = ^((M K A^), 
{^lT)\{M K TV) = Ai!C!(M K N). We 



□ 



4.6 Semigroupal categories 

The notion of a semigroupal category is obtained from the notion of a monoidal 
category by discarding all the axioms that involve the unit object. Thus a semi- 
groupal category is a triple (A^, 0, a), where is a category, ® : Mx. M. — > M 
is a bifunctor, and a is an associativity constraint for ®, i.e., a collection of tri- 
functorial isomorphisms ax.Y,z ■ {X ®Y) ® Z X (g) (F (g) Z) for all triples of 
objects X,Y, Z ^ satisfying a standard coherence condition. 
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The reason we need this notion is that even though the categories ^(G) and 



&g{G) introduced in §4.5 are monoidal, we wih have the occasion to consider 
certain semigroupal subcategories of ^g(G) that, at least a priori, may not be 
monoidal (cf. Remark 



The notion of a (weak, strong or strict) semigroupal functor between semi- 
groupal categories is also obtained from the notion of a monoidal functor in the ob- 
vious way. Thus if [M,®, a) and (A/", (8"', a') are semigroupal categories, a functor 
F : A4 — > Af is said to be strict semigroupal if F commutes with the semigroupal 
structures "on the nose," i.e., F{X (g)Y) = F{X) (g)' F{Y) for every pair of objects 
X, Y oi A4; F{f <E) g) — F{f) 0' F{g) for every pair of morphisms /, g in Ai; and 
Fiax,Y,z) — F(Y) F(z) ^"-"^ every triple of objects X,Y,Z oi M. 

On the other hand, a weak semigroupal structure on a functor $ : JV[ — y J\f 
is a collection of bifunctorial morphisms <fx,Y ■ ^{X)(S)' ^{Y) — > ^{Xi^Y) for all 
X,Y ^ Ai, which are compatible with the associativity constraints in the obvious 
sense. The structure is said to be strong if every ipx.v is an isomorphism. 

An additive semigroupal category is a semigroupal category (A4,<®,a) such 
that M is an additive category, and the bifunctor (g) is bi-additive. 

4.7 Weak idempotents 

Let A4 = (A^,(X),a) be a semigroupal category. An object e G is said to be 
a weak idempotent if e (8) e = e. Observe that this notion depends only on the 
bifunctor and not on the associativity constraint a. 

If e e A4 is a weak idempotent, the corresponding Hecke subcategory is 
defined as the full subcategory eA4e C A4 consisting of all objects N ^ A4 such 
that N = e® N ®e. Equivalently, eAie can be described as the essential image of 
the functor Ai — !■ Ai given by M i — > (e O M) e, which explains the notation. 

The Hecke subcategory eAie C is stable under 0, so it becomes a semi- 
groupal category in its own right. If A4 is additive, so is eA4e. 

Remark 4.8 Even if Ai is a monoidal category, one cannot expect eA4e to be 
a monoidal category in general. Indeed, even though e (E> N ^ N ^ N (E) e for 
all N G eAie, there is no guarantee that the functor N i — > e ® N is an auto- 
equivalence of eAie; if it is not, then eA4e cannot have a unit objec^. 

Definition 4.9 A semigroupal category Ai is weakly symmetric if M (i) N = 
N ® M for all pairs of objects M, N e Ai. 
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This is one of the reasons why we chose the term " weak idempotent" . The notion of a closed 



idempotent in a monoidal category, defined in pD06|, is much more rigid; in particular, if e is 
any closed idempotent in a monoidal category M, then eMe is monoidal as well. 
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For example, if a semigroupal category admits a braiding, then it is weakly 



symmetric. The category [&q(G), *) is weakly symmetric by virtue of Lemma 4.7 
Observe that if is a weakly symmetric semigroupal category, then for any weak 
idempotent e € A^, we have eMe = eM = Me. 

Definition 4.10 If A4 is an additive weakly symmetric semigroupal category, a 
weak idempotent e £ Ai is said to be minimal ife^O and, for any weak idempotent 
e' £ A4, we have either e <S) e' — 0, or e ® e! = e. 

Remark 4.11 If M. is an additive weakly symmetric semigroupal category, a weak 
idempotent e £ Ai is minimal if and only if the Hecke subcategory eM contains 
exactly two weak idempotents {up to isomorphism) , namely, and e. 

4.8 Idempotents and L-packets 

In this subsection we again assume that the base field is finite: k = Fg . Let 
us fix a connected unipotent group G over ¥q. Recall from Definition 2.7 that 
two irreducible representations, pi and p2, of G(¥g) over Q^, are said to be L- 
indistinguishable if for every weak idempotent e £ &g{G), the function t^ acts in 
the same way in pi and p2- In this subsection we will explain that in this definition 
one can restrict attention to a special class of weak idempotents. 

Definition 4.12 // k is any field and U is a unipotent group over k, a weak 
idempotent e £ &jj{U) is said to be geometrically minimal if for every algebraic 
extension k' of k, the induced weak idempotent e' = e ® u k' in S>u'(U'), where 
U' = U (^ife k' , is minimal in the sense of Definition 



Every geometrically minimal weak idempotent in S >jj{U ) is minimal, but the 



converse need not be true. The next result is proved in §9.3 



Proposition 4.13 Let G be a connected unipotent group over ¥q, and let pi, p2 

be two irreducible representations of G{¥q) over Q^. The following are equivalent. 

(i) The representations pi and p2 are L-indistinguishable. 

(ii) For every minimal weak idempotent e £ S!g{G), the function te acts in the 
same way in pi and in p2. 

(Hi) For every geometrically minimal weak idempotent e £ ^^q{G), the function 
tf, acts in the same way in pi and in p2. 

Remarks 4.14 {1) Note that if ei, 62 £ 2!g{G) are non-isomorphic minimal weak 
idempotents, then ei * 62 — 0, so t^-^ * tp2 — 0. Now if e £ S)q{G) is a 
geometrically minimal weak idempotent such thatt,, ^ 0, we can define L[e) as 
the set of irreducible representations of G{¥q) on which t,, acts as the identity, 
and it follows (from Definition \2. Ij and the last observation) that L{e) is an L- 
packet. Proposition 4^.1^ implies that, conversely, every L-packet of irreducible 



representations ofG{¥q) is of this form. 
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(2) It is shown in ^BolObJ that if e G ^g{G) is any geometrically minimal weak 
idempotent, then t^ ^ 0. In particular, one obtains a bijection between L- 
packets of irreducible representations of G(Fg) and isomorphism classes of 
geometrically minimal weak idempotents in S!g{G). However, the proofs of 
these facts use some of the methods developed in IfiDOS^ (as well as additional 
techniques) , and are beyond the scope of the present article. 



(3) On the other hand. Proposition ^.Ic easily implies that if e & 2!g{G) is a 



minimal weak idempotent which is not geometrically minimal, then t^ = 0- 
4.9 Twists in the category ^g(G') 

A structure on the equivariant derived category S!q{G) that plays an important 



role in the proof of Theorem 2.5 is a canonical automorphism of the identity 
functor, whose construction we now recall. Fix a unipotent group G over fc, let 
c : G ~K G ^ G he the conjugation action morphism c{g,h) — ghg^^, let p2 '■ 
G X G ^ G denote the second projection, and write A : G — ?> G x G for the 
diagonal. Then c o A = idc = p2 o A. For each M G 2!g{G), the G-equivariant 
structure on M yields an isomorphism c*M ^> P2^I ■ Pulling it back by A, we 
obtain an isomorphism Om ■ M = A*c*M ^ l\*plM = M. 

Definition 4.15 One calls 9m the twist automorphism of M , or the balancing 
isomorphism. The collection {^Om \ M G ^g(G)} defines an automorphism of the 
identity functor on 2!g{G), which we simply denote by 9 if no confusion can arise. 



The following fact will be used in our proof of Theorem 2.5 



Lemma 4.16 Let G be an easy unipotent group over a field k of characteristic 
p > 0. For every object M G ^g{G), the twist automorphism 9m of M is trivial. 



Proof (cf. I BDOt D . We may and do assume that k is algebraically closed. Con- 
sider the usual (non-perverse) ^-structure on ^(G) whose heart is the category 
Shc{G,Qf,) of constructible Q^sheaves on G. If M 6 ^(G), we will write W{M) 
for the cohomology sheaves of M with respect to this ^-structure (i G Z). 

Fix AI G S!g{G) and i E Z. For every x G G(fc), we have the induced action 
of the centralizer Zg{x) of x in G on the stalk W{M)x, and by continuity, the 
neutral component Zg{x)° C Zg{x) acts trivially on W'{M)x. In particular, since 
G is easy, x acts trivially on 'H'(M)j., which shows that 9'^hm) — id-H'(A/)- This 
implies that 9m is a unipotent automorphism of M. On the other hand, since G is 
unipotent, it has exponent p" for some n G N, and it follows that {9mY = i^M. 
Finally, we conclude that 9m — idAf, as desired. □ 
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5 Induction with compact supports 



5.1 Setup 

Throughout this section G is a unipotent algebraic group over a field fc, G" C G is a 
closed subgroup, and £ is a prime different from char k. Both G and G' are allowed 
to be disconnected. We will use the notation introduced in Section ^ above. Our 
goal is to define the functor of "induction with compact supports" 

indg, :^G'(G') — ^^g(G) (5.1) 

and establish its basic properties, such as the existence of a weak semigroupal 



structure (cf. §4.6) on this functor and its compatibility with twists (§p.g|). In §5.S 



we study the restriction of the functor (5.1) to a functor between suitable Hecke 
subcategories of &c'{G') and of ^g(G). 

5.2 Definition of ind^/ 



In this subsection we will define the functor (5.1) 



5.2.1 Motivation 



To motivate the definition of (5.1), we first rewrite the formula for the induced 
character (in the setting of representations of finite groups) in a suggestive way. 
Let r be a finite group, and F' C F a subgroup. Consider the (free) right action 
of F' on the product F x F' given by {g,g') ■ 7 — (57,7~^5'7), and let F = 
(F X F')/F' be the set of orbits for this action. The left F-action on F x F' given 
by 7 : {g,g') ' — > {ig,g') descends to a left F-action on F. We have a natural 
F'-equivariant injection i : T' '-^ T induced by g' \ — > (1,5'); and a natural F- 
equivariant map tt : F — F induced by {g,g') 1 — > gg'g^^ (as always, F' and F 
act on themselves by conjugation). 

We will use the following notation. If X is any set, Fun(X) denotes the vector 
space of all functions X — > Qg. li H is an (abstract) group acting on X, we write 
Fun(X)^ C Fun{X) for the subspace of iJ-invariant functions. li (p : X — > Y 
is a map of sets, we have the pullback map 0* : Fun(F) — > Fun(X) given by 
4'* if) — f ° 4'- Finally, if has finite fibers (in particular, if X itself is finite), we 
can also define a linear map : Fun(X) — > Fun(y) by the formula 

m){y)= E /(^)- 

x6</)-i(j/) 

With this notation, one can easily verify the following statements, 
(a) The map i* : Fun(F)'" — > Fun(F')'" is an isomorphism. 
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(b) Let indp, : Fun(r')'^' — > Fun{T)^ be defined byjndp, = m o (i*)-^. If p is 
any finite dimensional representation of F' over and x £ Fun(r')'" is its 
character, then the character of the representation Indp/ p of F equals indp/ (x). 

5.2.2 Auxiliary constructions 

We will define the functor ind^, by imitating the formula presented in §5.2.1, We 
have a free right action of G' on G x G", given by {g,g') ■ 7 — {gj,1^^g'l), so 
we can form the quotient G = {G x G')/G' (it exists as a scheme, for instance, 
because G x G' is affine), and G acts on G on the left. Similarly, we can consider 
the G'-equivariant injection i : G' G induced by g' 1 — > ^'^^ the G- 

equivariant morphism tt : G — )■ G induced by {g,g') ' — > gg'g~^, where G and G' 



act on themselves by conjugation. Applying the constructions of §4.4, we obtain 
functors between the equivariant derived categories 

i^G'(G') ^g{G) &g{G). 



The geometric analogue of statement (a) in § 5.2.1 is the following 

Lemma 5.1 The functor i* : ^^(G) — > S)g'{G') is an equivalence of categories. 



This result is proved in §5.2.4 below 



5.2.3 The main definition 



In the situation of § |5.2.2| , let us choose a quasi-inverse to the functor i*, and denote 

^g(G) of induction with com- 



it by («*) ^, by a slight abuse of notation. 



Definition 5.2 The functor \n<l%, : ^g'{G') 
pact supports is defined as the composition 



f?G(G) &g{G). 



&G'{G') 

Remarks 5.3 (1) Strictly speaking, the definition we gave depends on the choice 
of (i*)^^. However, different choices lead to isomorphic functors indg,, and 
since we only use induction as a technical tool, we prefer to ignore this issue. 

(2) Along with the functor ind!^, , one can introduce an induction functor 

Indg, = TT, o : ^G'(G') &g{G). 



We will only need this functor in the proof of Proposition S.l'i 
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5.2.4 Proof of Lemma 



5.1 



The result would have been more or less obvious, had we used the definition of 



equivariant derived categories in terms of quotient stacks (of. §4.3). Indeed, the 
map g' i — > (1,5') induces an isomorphism G' G\{G x G"), and hence an 
isomorphism G"/(AdG") G\{G x G')/G' = G\G. However, since we used 
an ad hoc definition of the equivariant derived category, we will give a proof of 



Lemma 5.1 that only uses that definition. The argument is based on two results: 



Lemma 5.4 Let U be a unipotent group over k, let N C U be a closed normal 
subgroup, let X be a scheme of finite type over k with a left U -action, and let 
(j) : X — > Y be a morphism of k-schemes which makes X an N-torsor over Y 
(a fortiori, the induced action of N on X is free). The pullback functor (p* can be 
upgraded to an equivalence of categories 



Lemma 5.5 With the notation of Lemma 5.4, assume, in addition, that N admits 
a complement inU (i.e., a closed subgroup H d U which maps isomorphically onto 
U/N), and that (j) admits an H-equivariant section a : Y — > X . Then the functor 

understood as the composition of the forgetful functor &u{X) — > &h{X) and the 
pullback via a, is a quasi-inverse to the functor (j)* : &ij/i^{Y) — > S>u{X). 



Let us now prove Lemma 5T . Recall that G is defined as the quotient of G x G' 
by the right G'-action defined by (g, g') ' 7 — {91 ^ l~^9'l)- Since we will also need 
to consider left G-actions, we prefer to turn this action into a left G'-action as 
well, given by 7 : (5,5') 1 — > {91~^ ■:19'l~^) (merely for notational convenience). 

Let us write q : G x G' — > G for the quotient morphism. We define a left 
action of G x G' on G x G' by {h, 7) : (5, g') i — > {hgj^^ ,jg'j~^). Applying Lemma 



5.4| to U = G X G' and N = {1} x G' C [/, we obtain an equivalence 

q*:f^G(G)^f^GxG'(GxG'). 

On the other hand, let p' : G x G' — > G' denote the second projection. It can 
be viewed as a quotient map for the induced action of G on G x G', where we embed 
G ^ G X G' via g 1 — > (g, 1). Of course, the quotient group (G x G')/{G x {!}) is 
naturally identified with G'. Let A : G' ^ G x G' denote the diagonal embedding. 
Then A(G') is a complement to G x {1} in G x G'. Moreover, the map j : G' — > 
G X G' defined by g' 1 — > (l^ff') is a A (G') -equivariant section of p'. 

Applying Lemma |5.5| , we see that the functors 
p'*:i^G'(G')^^GxG'(GxG') and j* : ^gxG' (G x G') — > ^G' (G') 
are equivalences of categories that are quasi-inverse to each other. 
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Finally, since the composition of A : G" ^ G x G' and the natural projection 
G X G' — > G is equal to the inclusion map G' — > G, and since ? = q o j by 
definition, we see that the functor i* : !^g{G) — > S!g'{G') is isomorphic to the 
composition 

We just showed that q* and j* are equivalences, whence so is i*. □ 

5.3 An alternative viewpoint on induction functors 

Suppose y is a scheme of finite type over k equipped with a transitive left G- 
action. We let G act on itself by conjugation, as usual, and consider the induced 
diagonal action of G on G x F. Write ^ = { (g, y) | 5 • y = y} C G x y and observe 
that Z is G-stable. Given y G Y{k)^ we let G^ denote the stabilizer of y in G, and 
consider the inclusion morphism jy : G^ =— >■ Z given by g 1— > {g,y). 



Proposition 5.6 (a) For every y G Y{k), the puUback j* : ^g(Z) 
is an equivalence of categories. 



(b) IfWi '■ Z — > G is the first projection, the functors 



are isomorphic to the induction functors Ind^y and ind^H ; respectively. 

Proof Fix y £ Y{k), write G' = G^ , and let G = (G x G')/G' be defined as before. 
The morphism G x G' — > G x Y given by {g,g') n- {g9'g~^,9 ■ y) has image 
in Z and induces a G-equivariant isomorphism G ^> Z, which identifies jy with 
i : G' ^ G and prj^ with tt : G — > G. The proposition follows. □ 



5.4 Useful notation 



In this subsection we collect some of the notation introduced in S 5.2.2 and in the 



proof of Lemma 5.1, given in §5.2.4 above. It is convenient to put all the maps we 
defined together into the following diagram: 



GxG' 
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Here, q is the quotient map for the G'-action, p' is the second projection, j is the 
natural inclusion given by j{g') — (I,.?'); ^^'^ i = <]°j- Also, c is the conjugation 
map {g,g') > — > gg'g~^i a-nd TT is the unique morphism satisfying c = Troq. Finally, 
let us agree, from now on, to denote the chosen quasi-inverse of the functor i* by 

&G'{G') 3 M < — >Me &g{G). 



5.5 Weak semigroupal structure on ind^.; 

In this subsection we will define functorial morphisms 

ipM,N ■■ indg, (M) * indg, (N) — > indg, (A/ * N) (5.2) 

for all M,N e ^g'(G'), where the convolution on the left (respectively, on the 
right) is computed on G (respectively, on G'). In §5.7 we prove that under a 
suitable condition on AI and N, the arrow (fM,N is an isomorphism. Of course, 
there is no reason for it to be an isomorphism in general (in the setting of finite 
groups, induction of class functions usually does not commute with convolution). 



5.5.1 Preparations 

We keep the notation of 
by the first projection G x G' 



4 . We have an obvious morphism G 
G. Form the fiber product 

Z = G X G. 

G/G' 



G/G' induced 



Thus Z is a closed subscheme of G x G, and the morphism ixi : G' xG' — > GxG 
factors through Z. Further, let : G x G — > G and fi' : G' x G' — > G' denote 
the respective multiplication morphisms. The next result is straightforward. 

Lemma 5.7 There exists a morphism Jl : Z — y G such that 

V-{yi,y2) = [{gi.hi ■ g^^g2 ■ /i2 • 52^^51)] V (2/1,^2) e Z C G X G, 

where (gj, hj) £ G x G' are representatives of the G' -orbits yj £ G {j — 1, 2), and 
[(5, h)] denotes the G' -orbit of a point {g, h) £ G x G' . Furthermore, the square 

G' X G"^ ^ Z 



G" 



commutes and is cartesian, and the square 



G 



TVXTT _ _ 

Z ^G X G 



G- 



G 
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commutes. Also, Z is stable under the diagonal action ofG, and is G-equivariant. 



5.5.2 Definition of the weak semigroupal structure 

Let us choose M,N 6 ^g'(G')- By definition, {i* x i*){MMN) ^ MMN, whence, 
by the proper base change theorem, we have functorial isomorphisms 

i*{lli{M^N)\^) = n'fiM^N) = * A^, 

and thus we have functorial isomorphisms 

indg,(M *N) = tt,Ii<{M M N)\^= fM{TT x n)<{M^N)\^. 

If f : Z ^ G X G denotes the inclusion morphism, we see that the adjunction 
morphism M ^ N — > f\f*{M M N) induces a natural morphism 

(indg, M) * (indg, N) = ^!(7r x 7r)!(M ^ N) — > indg,(Af * N). 

This is the desired morphism ( |5.2| ). 



5.6 Some auxiliary results 

The following facts will be used several times in the rest of the section. 

Lemma 5.8 Let X be a scheme of finite type over k, letU C X be an open subset, 
let Z = X \ U be equipped with the reduced induced subscheme structure, and let 



-X- ^Z 

be the natural inclusions. For every J- € ^^{X), there is a distinguished triangle 

— > T — > i^i*T — > 

functorial in J- , where the morphisms — > J- and J- — > i^,i*J- are induced 
via adjunction by the identity morphisms j'j- — > j'\F and i*J- — > i* T . 

Let us write, as usual, j* ^ a nd ^\^~ i*J-. Since j' — j* and — i[, 

the distinguished triangle of Lemma 5.8 can also be rewritten as 

(5.3) 

Lemma 5.9 Let H be a possibly disconnected unipotent group over a field k, and 
let h : X — > Y be an H-torsor, where Y is a scheme of finite type over k. For 
every M G '^{Y), consider the canonical adjunction morphism cm ■ h\h M — > M . 



(a) If H is connected, then cm is an isomorphism for all M e "^{Y). 
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(&) In general, eu has a natural splitting, i.e., there exist functorial morphisms 
sm '■ M — > h\h M for all M G 2!{Y), such that ° sm ~ id^/- 

Proof, (a) First, we may clearly assume that k is algebraically closed (using base 
change to an algebraic closure of k). Second, using base change by the smooth 

surjective morphism X — ^ Y , we may assume that X is a trivial iJ-torsor over 
Y . Since k is algebraically closed and _ff is a connected unipotent group over fc, 
it follows that H has a filtration by normal connected subgroups with successive 
subquotients isomorphic to the additive group Gq over k. Thus we may also assume 
that H = Ga- In this case, the result reduces to the standard computation of the 
cohomology with compact supports for an affine line over k. 

(b) In view of (a), we may assume that the neutral connected component 
of H is trivial, i.e., that iJ is a finite etale group scheme over k. In this case 
= h\, = h* , so that is also left adjoint to h\, and we obtain a canonical 
adjunction morphism rjM ■ M — > h\h M. Let k be an algebraic closure of k, and 
let n = \H{k)\. We claim that the composition €M°r]M equals the multiplication by 
n; assuming this claim, we can define sm = 'Vm, because has characteristic 
0, and then sm is the desired splitting. To prove the last claim, we again extend 
the base field to k and thus assume that k = k. Then iJ is a discrete group of 
order n, and the claim becomes trivial. □ 

In practice, we will apply the following corollary of the lemma. Note that h 
is a smooth morphism of relative dimension d — dimiJ, so that there is a natural 
isomorphism of functors h' ~ h*[2d]{d). Thus the next result is immediate. 

Corollary 5.10 In the situation of Lemma |5.4 let d = dimTJ. If H is connected 
{respectively, in general), every M G ^{Y) is naturally isomorphic to {respectively, 
is naturally isomorphic to a direct summand of) h\h* M\ld]{d) . 



5.7 A case where ( p.2| ) is an isomorphism 



In this subsection we establish a sufficient condition for ( p.2[ ) to be an isomorphism. 
First we introduce more notation. If M is an object of Si{G') or Sia'{G'), we will 
denote by M the object of 2i{G) obtained from M by extension by zero. It is clear 
that if M,7V G &{G'), then 



M^N = M ^N, functorially in M, N. (5.4) 

Next, we choose an algebraic closure, fc, of k. We can consider the algebraic 
group G ®k k over k. By a slight abuse of notation, given an object of &{G), we 
will denote the corresponding object of i^{G®k k) by the same letter. If a; G G{k), 
we denote by 6x the corresponding delta-sheaf on G ®k k. 

Proposition 5.11 // M, N G {G') are such that M * 5x* N — 0, as objects of 



S){G ®k k), for all x G G{k) \ G'{k), then (5.2) is an isomorphism 
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Proof. Using base change from k to k, we may and^o assume that k is algebraicahy 
closed. Let U — [G x G)\Z, a.n open subset of G x G. We wih use the following 
shorthand notation: (M M N)u is the extension of (M Kl iV)|^ to G x G by zero 
outside of U. Applying the distinguished triangle (5.3) to our situation (where 
X ~ G X G), we see that it is enough to check that ^\{-k x tt)\{M M N)u — 0. 



We still keep the notation of §5.4, Consider the morphism 
qxq:GxG'xGxG'^GxG, 



which is a torsor under G' x G'. According to Corollary 5.10, if d! = dimG', then 
(MHiV)(7 is a direct summand of (q x q)!(q x q)*(MK17V)c/[4d'](2d'), so to complete 
the proof of the proposition, it will suffice to show that 

/i!(7r x 7r)!(q x q)!(q x q)*(M S 7V)c/ = 0. 

We have (q x c\)*{MMN)u = (q*M q*7V)(qxq)-i([/), where the meaning of 
the subscript (q x q)^^([/) is similar to that of the subscript U . According to the 
proof of Lemma 5J_ given in § 5.2.4 , we have q*M = p'* Af ^^where p' : G x G' — > G' 
is the projection onto the second factor. Similarly, q*A^ = p'*N . Thus we are 
reduced to showing that 

[m o (tt X tt) o (q X q)] , (p'*M M p'* N) = 0. (5.5) 

In fact, we will prove a stronger statement. Namely, consider the morphism 

$ [/i o (tt X tt) o (q X q)] X pr^ X ^ : G x G' x G x G' — > G x G x G, 

where pr^ : GxG' xGxG' — > G is the first projection and ^ : GxG' xGxG' — > G 
is given by (51, ff2, 52) ' — ^ .9^^92• We wih prove that 

which will of course imply ( |5.5D . 

By definition, it is easy to check that (q x q)^^{U) = $"^(G x G x (G\G')). 
Hence it suffices to prove the vanishing of the stalk of $!(p'*M Kl p'*A^) at any 
given point {g,gi,x) G G{k) x G(fc) x (G(fc) \ G'(fc)). As usual, we apply the 
proper base change theorem. The fiber ^^^{g, gi,x) is naturally identified with 
the closed subset 

{{hi, h2) G G' X G' I hixh2 = g^^ggix} c G' x G' 

via the morphism (/ii,/i2) 1 — > (gi, /ii, gix, /12). (This is simply because the equa- 
tion gihig^^ ■ {gix)h2{gix)^^ — g is equivalent to hixh2 = g^^ggix.) Hence the 
stalk of $! (p'* A/ Kl p'* A^) at {g, gi , x) is quasi-isomorphic to the stalk of the convo- 
lution M * Sx 'i' N at g^^ggix. Since x G G(fc) \ G'{k), we have Af * * = by 
assumption, which implies (^.6[) and completes the proof of Proposition 5.11. □ 
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5.8 Induction of weak idempotents 

In this subsection we keep all the notation introduced earlier (notably, at the 
beginning of §5.7). 



5.8.1 Statement of the main theorem 

Let e £ &G'{G') be a weak idempotent, and recall that the corresponding Hecke 
subcategory of {G') is denoted by e^^G'{G'), because &g'{G') is weakly sym- 
metric by Lemma |4.7| (see §4.7 for the all relevant terminology). 



Assume that e * * e = for all x G G{k) \ G'{k). It follows from Propo- 
sition jsiT^ that / indg, (e) is a weak idempotent in ^g(G). Moreover, if M S 
e^G'{G'), then M = e*M, which i mplie s that e*5^*M = for ah x e G(k)\G'(k) 
(in view of (|5^)), and Proposition |5.1l| shows that indc,(M) G f&G{G). 



Theorem 5.12 (a) In this situation, the functor 

■■ e&G'{G') - 



indg, 



/^g(G) 



(5.7) 



is strong semigroupal {with respect to the semigroupal structure introduced in 
§5.5) and induces a bijection on isomorphism classes of objects. 



(b) If the functor AI i — > e * AI is isomorphic to the identity functor on e^c' {G'), 
the functor (5.7) is faithful. 



(c) // the functors AI i — > e * AI and N i — > f * N are isomorphic to the identity 
functors on e&G'{G') and f&G{G), respectively, then ( |5.7| ) is an equivalence 
of categories, a quasi-inverse to which is provided by the functor 

f&G{G) ^e&G'iG'), N^e*{N\ ). 



5.8.2 An immediate consequence 

Let us note at once the following 

Corollary 5.13 If e is a minimal [resp., geometrically minimal) weak idempotent 
in S>G'{G') and the other assumptions are in force, then f — indg, (e) is a minimal 
{resp., geometrically minimal) weak idempotent in S>g{G). 

It sufhces to check that if e is minimal, then so is /, as all the hypotheses of 
the corollary are obviously invariant under base change to algebraic extensions of 
k. To this end, observe that a weak idempotent / £ SIg{G) is minimal if and only 
if the semigroupal category f&G{G) contains no weak id emp otents other than 
and /. By Proposition 5.11 and Theorem 5.12 , the functor ( |5.7| ) induces a bijection 
between the set of isomorphism classes of weak idempotents in e&G'{G') and the 
set of isomorphism classes of weak idempotents in f!^G{G), whence the claim. 
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5.8.3 Reduction of Theorem 5.12 to two auxiliary propositions 

From now on we fix a weak idempotent e € SIg'{G') satisfying e * (J^, * e = for 
all X G G(k) \G'(k)._H M,N G e&a'iG'), then M ^ M * e and N ^ e* N, which 
implies that M*Sx*N for all x £ G{k )\G'{k). Thus the first assertion of Theorem 
5.12(a) results from Proposition ^.ll[ . 

Put / = indg, (e) G !^g{G)- The following two propositions are proved below. 

Proposition 5.14 For each N G &g{G), there is an isomorphism 

f * N ^ ) indg,(e *{N\^,)), 

functorial with respect to N . 

Proposition 5.15 For each M G eS^c'iG'), there is an isomorphism 

e * ((indg, M)\^,) — = — > e*M, 

functorial with respect to M . 

These propositions clearly imply part (c) and the second assertion of part 
(a) of Theorem |3.12| (by restricting attention to the objects N G f^ciG))- To see 



that they also imply part (b) of the theorem, observe that by Proposition 5.15 
the functor M i — > e* M on e&G'{G') is isomorphic to the composition 

ef^G'(G') ) 2!g{G) '"^^'•""°") &G'{G') e&G'{G'). 

If the composition is isomorphic to the identity functor on e&G'{G'), then the first 
term in the composition, indQ/|^^ /(c)' faithful. 



5.8.4 Proof of Proposition 5.14 

The argument follows a pattern similar to the one used in the proof of Proposition 
5.11. By definition, we have 

f *N ^ (indg, e) * iV = /i!(7r X id)!(e H N), (5.8) 

where we are using the morphisms 

G X G ''''''' ) G X G G. 
Consider the closed subset 

Z' = {([(g, h)l^) G G X G I g-^^g G G'} c G x G. 

It is easy to check that Z' is well defined and is stable under the diagonal action 
of G on G X G (where, as always, G acts on itself by conjugation). Moreover, let 



us recall the closed subset Z C G x G introduced in § 5.5.1 

Z = {([(gi, h,)], [(32, h2)]) G G X G 1 .91-^52 e G'}. 
It is clear that the morphism id x vr : G x G — > G x G takes Z into Z' . 
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Now consider the (clearly G-equivariant) morphism 

v.Z' ^G, ([(<?, 7) ^ [(<?, hg-'ia)] ■ 
It is easy to check that u is well defined, and we obtain a commutative diagram 

,r ixi id X TT 

G' X G 




Furthermore, it is also easy to check that the following square is cartesian: 

ix(7roi) 

G' X G'^ ^ Z' 



G' 



G 



Now we use the same argument as before. Put U' = (G x G) \ Z', write 
{7i^N)z' for the extension of (eHiV)|^, to G x G by zero outside of Z', and define 
(e S N)ut similarly. Applying the proper base change theorem to the cartesian 
square above, we obtain functorial isomorphisms 

^*v,{{ImN)\^,)=^i\{em{N\^,))~e*{N\^,), 
whence ind^/ (e* (iV|^,)) = TT\u\[{eMN)\^,^. Wc also have a commutative diagram 



Z' 



rxid 



G X G 



G- 



G 



which implies that 



indg,(e* (A^lg,)) 5^ ^!(7r x i<i)\{{eM N)z') ■ 



In view of (5^), we see that the adjunction morphism {eMN) — > {eMN)z' 
yields a morphism f * N — > indQ/(e * {N | g, ) ) , fu nctorial with respect to N. As 
before, to complete the proof of Proposition ^.14 , it is enough to show that if 
e*4 *e = for all a; e G(fc) \G'(fc), then ^((tt x id)<{{eM N)u') = 0. 

Henceforth, we may and do assume that k is algebraically closed. By Corollary 



5.10, it is enough to prove that ^[{tt x id)!(q x id); [(q x id)*(e H iV)^/'] =0, which 
is equivalent to 



miw X id)!(q X id), {{p'*e)^N) 



' {qxid)-'^(U') 



0. 



(5.9) 
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(As in §5.4, we write q : G x G" — > G for the quotient map and p' : G x G" — > G' 
for the projection onto the second factor; and we are using the proof of Lemma 



5.1 given in §5.2.4 to conclude that q*e = p'*e.) 



Note that the morphism 

o (tt X id) o (q X id) : G X G' X G — >G 
is given by (5, /i, 7) 1 — !■ ghg~^j. Let us consider the morphism 

'^>' -.GxG' xG^GxG, {g,h,^)^ {ghg-^i, g). 



To establish (5.9), it suffices to prove that 



((p'*e)HiV) 



(c,xid)-i(C/') 



0. 



(5.10) 



We also observe that 



(q X id)-i(C/') = {(5, /i,7) e G X G' X G I g-^^ig G G \ G'}. 

We will use the p roper base change theorem to compute the stalk of the 
left hand side of (Is.iof) at a point {x,g) G G{k) x G(fc). The fiber <^'-^{x,g) is 
identified with the closed subset {(/i,7) e G' x G | ghg^^^ = x} c G' x G. The 
equation ghg~^j = x can be rewritten as h ■ g~^jg — g~^xg, so we see that 
^'~^{x,g) n (q X id)^^([/) can be identified with the closed subset W — {(/i,7') G 
G' X (G \ G') I /17' — g~^xg^ via the morphism w : W — > G x G' x G given by 
{h,y)^ig,h,gj'g-^). 

Since N is G-equi variant, the puUback A*((p'*e) H N) is naturally identified 
with {eMN)\^, and thus, by the proper base change theorem, RTc {W, A* ((p'*e) M 
N)^ is naturally identified with the stalk at g~^xg of the convolution e * Nq^qi, 
where the meaning of the subscript G \ G' is as before: Nq\qi is the extension of 
^\g\G' *° ^ outside of G \ G'. Hence we are reduced to the following 



Lemma 5.16 Under the assumptions of Proposition 5.14, we have 



e * Ng\g' = 



for all N G ^g(G). 



To prove Lemma 5.16, we use the distinguished triangle (5.3) with M = N, 
X = G and Z — G' . We see that it suffices to show that the natural morphism 
e * N — !• e * Ng' is an isomorphism. But e = e * e, and since N G &g{G), 
we see that e * N ^ e * N *e, functorially in N (see Lemma L7). On the other 
hand, it is clear that e * Ng' = e * (A^l^^,), and since e is a weak idempotent in 
&G'{G'), we also have e * Af ^ e * A/ * e functorially with respect to M G &{G') 
(applying Lemma 1.7 to G' in place of G). Thus we are reduced to showing that 
the morphism 

e * iV * e — > e * Ng' * e. 
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induced by the adjunction morphism N — > Nc, is an isomorphism. Applying the 
distinguished triangle (5.3) once again, we see that it is enough to show that 

e*NG\G'*e = for all N e &g{G). (5.11) 

3e), where 



\G\G' 



Finally, to prove (5.11), note that e * Ng\g' * e = ^'^,{e M N\ 
^3 : G" X (G \ G") X G" — G is given by {gi , 52, ffa) ' — > 919293- Consider the map 

A : G' X (G\G') X G' ^ G X (G\G'), (51, 32,. 93) ^ (315233,32). 



By the proper base change theorem, the stalk of A!(e Kl A^l 



G\G' 



3e) at a point 



(5, x) e G(fc) X (G(fc) \ G'{k)) is isomorphic to Nx <^ (e * Sx * e)g, where is the 
stalk of N at x. But e * 6x *e ~ hy assumption, so A!(e Kl N\ 



G\G' 



3e) = 0. This 



forces ( 5.11 ), completing the proof of Lemma ^.16 and of Proposition 5.14 . □ 



5.8.5 Proof of Proposition 5.15 

Once again, the argument is very similar to the ones used in the proofs of Propo- 
sitions ^.ll| and 5.14. The morphism i : G' — > G is a closed immersion; let 
C G denote the_ complement of its image. As usual, we have an exact triangle 
Mjjn — 5. M — > Mi(^G') — where the meaning of the subscripts U" and 
i{G') is as before. In addition, we have Mi(^G') — by definition, and therefore 
T:\Mi(^G') — ^'I- Thus we obtain a natural morphism 

e * indG'(M) = /i!(e mM) — > fit{e^ ttiM^g')) = e * M ^ e * M. 
Restricting it to G' yields a morphism 

e* ((indg, Af)|g,) — >e*M, 
functorial in M G ef^G'(G'), and we would like to show that it is an isomorphism. 
As before, it is enough to prove that 

e * {n,Mu") = 0. (5.12) 



In turn, to establish this equality, it is enough (by Corollary 5.10 ) to check that 

e*7r!q!(q*(Mc/")) = 0. (5.13) 

where q : G x G' — > G is the quotient map. 

As always, we may and do assume that k ^ k. Now q^^{U") = (G\ G') x G', 
and q*(M(7") = {p'* M)(^(^g\G')xG')7 where p' : G x G ' — ^ G' is the projection 
onto the second factor. Thus the left hand side of ( 5.13 ) can be rewritten as 
^[{e^Qi H M), where we define 

-.G' x{G\G')xG' —>G by (/ii, g, /12) ^~> /ii • 3/i23~\ 
and Qg denotes the constant rank 1 local system on G \ G'. 
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Let us consider instead the morphism 
-.G' x{G\G')xG' ^Gx(G\ G'), {hi,g, h^) ^ {high2g-\ g). 
The fiber of $" over {x,g) e G{k) x (G'(fc) \ G"(fc)) is naturally identified with 
W' = {{hi,h2) e G' X G' I high2 = xg] 

via the morphism 

w' -.W ^G' x{G\ G') X G', (/ii, h2) ^ (/ii, g, /i2). 
By the proper base change theorem, we have 

$;'(eHQ,HAf)(,,g) ^i?r,(M^',w;'*(e^Q^KM)) = (e*5g*M),g. 

The latter stalk is zero because g £ G{k) \ G'{k) and M = e * M . Thus we have 
pro ved t hat ^('(eKlQfKlM) = 4 fo rtiori, ■^\{eMQfMM) = 0, which is equiv alent 
to ( 5.13| ), which in turn implies ( ^.12 ) and completes the proof of Proposition 5.15 



5.9 Compatibility of induction with twists 

Our final goal in this section is the following 

Proposition 5.17 For every M e &g'{G'), we have indQ/((?^j) = ^ind<^, (m) 

as automorphisms o/indQ/(Af), where 0' and are the twists in the categories 
S)g'{G') and 2!g{G), respectively, introduced in Definition ^.15. 

Lemma 5.18 Let j : G' ^ G denote the inclusion map and put d = dim(G/G'). 
Then Ind^/ is right adjoint to the restriction functor j* : S>GiG) — > ^g'(G'), 
and indg/ is left adjoint to the functor j' [2d]{d) : !3g{G) — > f^G'(G'). 

Proof. Observe that j = iroi with the notation of § ^.2.2|. Next apply the definitions 
of Indg/ and indg/ (see Definition 5^ and Remark 5^(2)) and use the fact that 
tth. and tti are, respectively, right and left adjoint to tt* and tt'. □ 



^g(G) denote the 
S)g{G) Sg{G) 



To formulate the next lemma we let '■ ^g{G) - 
Verdier duality functor and write = i* o — Oq ° 
(following [BD06]), where t : G — > G is given by g ^ g^^. 

Lemma 5.19 The functors olndQ, oj}^, and mdQ,[2d]{d) are isomorphic. 



Proof. This follows from Lemma p.l8| using the fact that and Dq, are anti- 
auto-equivalences together with the isomorphism D^, o {j-[2d]{d)) o ^ j*. □ 



N 



Proof of Proposition 5.11. By definition, 9j, 
5.18 formally implies that Ind^/ 
in pc09| . Prop. 7.2] that 3^(9 n) 

statement holds for Bg,). Now Lemma 5.19 finishes the proof. 



) for all N e ^g(G). Lemma 



^indg,(j\/) for all £ ^G'(G')- It is shown 
9jj-jY for all N e &g{G) (and a similar 

□ 
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6 Inner forms of algebraic groups and G-schemes 



The material of this section will be used to study the relationship between the 
induction functor introduced in j |3 a bove and the operation of induction of class 
functions on finite groups (see § |6.7| below). It is also a necessary ingredient in 
the formulation of the relationship between character sheaves on a disc onnect ed 
unipotent group G over ¥q and irreducible representations of G{¥q); cf. [ BolOb|] . 



6.1 Notation 

We fix an algebraic closure F of a finite field of characteristic p > 0. If g is a power 
of p, we write for the unique subfield of F consisting of q elements. Given a 
scheme X over F, , we write Fr^ for the Frobenius endomorphism of X F (it is 
obtained by extension of scalars from the absolute Frobenius $q : X — > X). 

Suppose r is an abstract group and ip : T T is an automorphism. We can 
use (f to define an action of Z on F, and hence obtain the pointed set i?^(Z, F). 
Concretely, i?^(Z, F) can be identified with the set of ip-conjugacy classes in F, 
the latter being the orbits of the F-action on itself defined by 7 : 5 H> V'(7)57~^- 



6.2 Galois cohomology and torsors 

If G is an algebraic group over F^, the first Galois cohomology H^{¥q,G) is the 
pointed set of isomorphism classes of right G-torsors. We can consider the action 
of Z on G{¥) such that 1 G Z acts via Fr^ and form the pointed set i?^(Z, G(F)) 



as above. The following result is standard (part (b) is due to Serge Fang [La5 



Lemma 6.1 (a) Let P be a right G-torsor, choose p G P{¥), and let g G G(F) be 
the unique element such that p — Yxqiji) ■ g. Then the Yxq-conjugacy class of g 
in G(F) is independent of p, and the map [P] 1 — > [g] gives a bisection 

H\¥q,G) ^ H\Z,G{¥)). 

( b) Let G° denote the neutral connected component of G, and let 11 = G/G° . The 
natural map H^{'Z,G{¥)) — > i7"'"(Z, n(F)) is a bisection. 

(c) Suppose that G is a closed subgroup of an algebraic group U over ¥q, form the 
quotient Y = U /G, and let tt : U — > Y denote the quotient morphism. The 
map y 1 — > Tr~^(y) induces a bijection between the set of U{¥q) -orbits in Y(¥q) 
and the kernel of the natural map H^(¥q, G) — > H^{¥q, U). 



Remarks 6.2 {!) We recall that the kernel of a pointed map between pointed sets 
(5*1,51) — > {82,82) is defined as the subset f^^{s2) C Si. 

(2) The action of U on Y is by left translations. 
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(5) Ify € Y{¥q), then tt ^{y) is a closed subvariety ofU defined over¥q, and the 
action of G on U by right multiplication makes 7r~^(y) a right G-torsor. 

6.3 Inner forms of algebraic groups 



We continue working in the setup of §6.2. Given a £ H^{¥q,G), we would like 



to define an inner form G" of G determined by a. Let P be a right G-torsor 
whose isomorphism class equals a. Briefly, G" is the group of automorphisms of P 
that commute with the right G-action. To define G" more formally, we consider a 
functor, which we denote by G^, from the category of Fg-schemes to the category 
of groups, constructed as follows. 

Let S be any F^-scheme. We can view P x 5 as an S'-scheme, and we have a 
right action of G on P x 5 by S'-scheme automorphisms. Then G^{S) is defined as 
the group of S'-scheme automorphisms of P x S that commute with the G-action. 

Lemma 6.3 The functor G^ is representable by an algebraic group overWq. More- 
over, G^ (SDf, F = G (E)f, F as algebraic groups over F. 

Proof. In the case where P is a trivial torsor (i.e., P(Fg) 7^ 0), one checks that G^ 
is representable by G itself. In general, we have P(Fgn) for some n > 1. Thus 
G^ is representable by G d2)F, after base change to ¥q,^ , and Galois descent 
implies that G^ is representable over ¥q. □ 



Remark 6.4 If P' is another right G-torsor that is isomorphic to P , then a choice 
of an isomorphism P P' induces an isomorphism G^ G^ . Moreover, 
by definition, any two isomorphisms P — 5- P' differ by an element of G^(Fg). 
Consequently, we have an isomorphism between G^ and G^ that is unique up to 
inner automorphisms. 

Definition 6.5 Let G be an algebraic group over ¥q, and let a € H^{¥q, G). For a 
representative P of the isomorphism class a, we will write, somewhat imprecisely, 
Qa _ qP ^ g^^^ Qa inner form of G defined by a . 

Remark 6.6 In view of the previous remark, we see that the set of conjugacy 
classes in the group G"{¥q) is determined canonically by a. Similarly, we can 
speak of the set of irreducible characters of the group G"(Fg). 

Remark 6.7 The reader may prefer the following more concrete description of 
the inner form G^ . Fix p G P(F), and let g G G(F) be the unique element such 
that p = FTq{p) ■ g (so the Fvq-conjugacy class of g in G(F) is the element of 
H^{'Z,G(¥)) corresponding to the isomorphism class of P). Then there exists an 
isomorphism G^ ®¥ IF G(Kif F such that the Frobenius endomorphism for G^ 
becomes identified with the endomorphism x i—> 5"^ ¥iq(x)g of G. 
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6.4 Inner forms of G-schemes 

We remain in the setup of |6.2| . Given a G H^(¥q, G) and an Fq-scheme of finite 
type X equipped witli a left G-action, we would like to define an inner form X" 
of X so that the corresponding inner form G" of G acts on X". Once again, let P 
be a representative of a, and define as above. Note that by construction, G^ 
acts on P on the left; in fact, P is a left G'^-torsor. We also consider the free left 
action of G on the product P x X given by g • (p, x) = {p ■ g~^,g ■ a;), and we form 
the quotient X^ := G\{P x X). The actions of G and G^ on P y. X commute 
(here, G^ acts on X trivially), so we obtain an induced action of G^ on X^ . 

Definition 6.8 We write X" — X^ {somewhat imprecisely), and we call X°' 
{together with the left action of G" constructed above) the inner form of the G- 
scheme X defined by the cohomology class a. 

The next fact follows directly from the definitions. 

Lemma 6.9 Let G be an algebraic group over ¥q, let P be a right G-torsor, and 
let X — G equipped with the conjugation action of G . Then X^ is naturally iso- 
morphic to G^ , also equipped with the conjugation action of G^ . 



6.5 Transport of equivariant complexes 

In this section we assume that G is a unipotent^ algebraic group over Fg. Given 
a G {¥q, G) and a scheme X of finite type over F, equipped with a left G-action, 
our goal is to define a canonical "transport functor" (in fact, an equivalence of 
categories) ^g(^) ^ ^g°(^")- 

As usual, we choose a representative P of X. Let prj : P x X — > X denote 
the second projection, and let g : P xX — >■ X^ denote the quotient morphism for 
the free left G-action defined in §3.4, As we already remarked, the product G x G^ 



acts on P X X on the left; moreover, pr2 is the quotient map for the action of G^ , 
which is also free. Thus both pullback functors 

^g(^) ^ ^^gxgHP X X) ^ ^cH^n 
are equivalences of categories. 

Definition 6.10 The composition q* o (pr^)-i : ^g{X) ^ ^^-{X") is called 
the functor of transport of equivariant complexes, and is denoted by M i — >■ Af". 

Remark 6.11 // an object M e !^q{X) comes from a G-equivariant local system 
on X, then Af" is also a G" -equivariant local system on X". 



As a corollary of Lemma |6.9| , we now also have the construction of a transport 
functor 2>g{G) ^g°(G"), which is again denoted by M i — > 



'^This assumption is imposed only because we decided to work with the "naive" definition of 
an equivariant derived category. 
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6.6 Alternative descriptions 

In this subsection we present a slightly different viewpoint on the constructions 



introduced in §§3.3-6.5. It has the advantage of being somewhat more concrete, 
although it is less evident that the constructions appearing in this subsection are 
independent of the choices involved in them. 

Proposition 6.12 Let G he a closed subgroup of an algebraic group U over ¥q. 
Define Y — U/G, equipped with the left U -action by translations, let tt : U — > Y 
denote the quotient map, write 1 = 7r(l), and put Z — {(u, y) | u • y = C U xY. 
We consider the diagonal action of U on U x Y , where the action on the first 
factor is by conjugation, and remark that Z is stable under this action. 

Finally, for each y G Y(¥q), let a{y) G H^{¥q,G) denote the isomorphism 



class of the right G -tors or it ^{y) {cf. Lemma 6.1(c)) 



(a) For every y G Y{¥q), the stabilizer, of y in U is isomorphic to the inner 
form G"^^' of G defined by the cohomology class a{y). 

(b) Let X be a scheme of finite type over ¥q equipped with a left G -action, and 
let X = (U X X)/G, where the right G-action on U x X is given by {u,x) ■ 
g — {ug,g^^ ■ x). Write p : X — > Y for the induced morphism. For every 
y e Y{¥q), the fiber p~^{y) is isomorphic tc^ the inner form X°'^y^ in a way 
compatible with the isomorphism of part (a). 

(c) Assume that U is unipotent. For every y G Y{¥q), the inclusion jy : > Z , 
given by g ^ (g^u), induces an equivalence j* : S^uiZ) S)uv{Uy) (as usual, 
Ijy acts on itself by conjugation) . Furthermore, the composition 

is isomorphic to the transport functor introduced in §|6. 

(d) Again, assume that U is unipotent, and let the notation be as in part (b). Given 
y G Y(¥q), write X^ — p^^{y), and let iy : X^ ^ X denote the inclusion. 
Then i* : S!jj{X) — > S!jjy{Xy) is an equivalence, and the composition 



V 

is ' 



isomorphic to the transport functor of Definition 6.1(\ 



^ Observe that p -"^ ( j;) is stable under C U; thus wc have a left action of on p ^{y). 
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6.7 Relation between ind^/ and induction of class functions 

Proposition 6.13 Let G he a unipotent group over ¥q, let G' <Z G he a closed 
subgroup, and let M G S^g'{G'). Then 

^indg, A.f= XI ind%tf^^~^tM<-. (6.1) 

aeKor(ffi(F,,G') — >H'^(¥,,G)) 

Remarks 6.14 {1) For every a G KerjH^ { ¥ g,G ') — > H^{¥q,G)), we realize 
G"" as a subgroup of G using Proposition 6.1i(a). 

(2) The notation on the right hand side of ( |6.1| ) is as follows: ifT'cT are finite 
groups, then indp, : Fun(r')'" — > Fun(r)'^ denotes the usual induction map 
from class functions on T' to class functions on T {cf. ^5.2.1 ). 

(5) As a special case of Proposition 6.1!\ we observe that if G' is connected, then 

H^{¥q,G') is trivial, so the sum in ( |6.l| ) reduces to ind^lj^"^ t m ■ Hence for 

connected G' , the proposition states that indg, is compatible with induction of 
class functions {via the sheaves-to-functions correspondence) "on the nose." 

Proof of Proposition 6.1^\ . Form the quotient G = (G x G')/G', where the right 
action of G" on G x G" is given by {g, g') ■ J = (57, J^^g'l), and equip it with the 
G- action induced by the left translation action of G on the first factor in G x G'. 

The conjugation map G x G' — 5- G (given by {g,g') gg'g~^) induces a 
G-equivariant morphism tt : G — > G, and the map i : G' ^ G x G' given by 
g' 1-^ (lj<?') induces a G'-equivariant morphism i : G' — > G. 



Fix M e f^G'(G'). By Lemma 5.1, there is a (unique up to isomorphism) 
object M e ^g(G) such that i*M ^ M. We put N = ^(M) e ^g(G), so that, 
by definition, N = ind^, M. By Lemma [4.4| (c), i^v = ''^'X^m'^i so to prove ( |6.l[) we 
need to calculate the function tj^ : G{¥q) — > Q^. 

To this end, define Y ~ G/G' and equip it with the translation action of G. 
The first projection G x G' — 5- G induces a G-equivariant morphism p : G — > Y . 
Then G{¥q) is the disjoint union of the sets of F^-points of the fibers p~^{y), where 
y ranges over ^(Fg). For each y e Y(¥q), write G^ C G for the stabilizer of y in 
G and observe that the fiber p~^{y) C G is G^'-stable. 

The next result is straightforward. 
Lemma 6.15 Let y G Y[¥q) and choose g G G(F) that maps onto y. Then 
(a) Gy^gG'g-\ 

(&) the map G^ — > G x G' given by ^ ^ {gT9~^19) induces a G^ -equivariant 
inclusion iy : G^ ^ G [where G^ acts on itself by conjugation) ; 
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(c) iy induces an isomorphism — >p ^{y), which is independent of the choice 
of g; and 

(d) the composition tt o iy : — > G is equal to the natural inclusion G^ G. 



We can now complete the proof of ( p.l[ ). For each y g Y{¥q), write a{y) £ 
H^{Wq,G') for the isomorphism class of the right G'-torsor q~^{y) C G, where 
q:G — ^ y is the quotient map. If = i*yM 6 (G^), then by Lemma |6l5|(c) 



and Proposition |6l|(d), we can identify Mv with M"(?^) G ^g'°(«) (G'"^^)), where 



G'a(a) is identified with G^ using Proposition |6.12Ka). Since tj^ = 7r!(tj^), Lemma 



6.15(d) shows that 

*indg, M =tN ^ ^ tMv , (6.2) 

where tMy denotes the function on G(Fq) obtained from t^y ■ G^(Fq) — > G{¥q) 
via extension by zero. Now suppose O C Y{¥q) is a single G(F(,)-orbit and set 
a{0) = ct{y) for any y E O (note that q;(?/) does not depend on the choice of 
y E O). It is then easy to see that 

= i^'^G'°(F ) ^Ji-f°' where a = a{0). (6.3) 

As O ranges over all G(Fg)-orbits in Y{¥q), the corresponding cohomology class 
a{0) e H^{Vq,G') ranges over KeT{H^{¥q,G') H\¥q,G)) by Lemma '^[^(c). 
Combining this observation with (p^)-(|6?3|) yields (|6.1[). □ 



7 Geometric reduction process 
7.1 Overview 

The main goal of this section is to prove the following result: 

Theorem 7.1 Let G he a {possibly disconnected) unipotent group over Fg , let p 
he a nonzero representation of G{¥q) over Q(, and let {A,J\f) be a pair consisting 
of a normal connected subgroup A d G and a G-invariant multiplicative Q^-local 
system M on A such that the restriction of p to A{¥q) is scalar, given by the 1- 
dimensional character t/^ : A{¥q) — > . Then there exists an admissible pair 
{H,£) for G such that A C H, Af = '^1^; '^'^'^ restriction of p to H{¥q) has as 
a direct summand the 1-dimensional representation defined by tc '■ H{¥q) — > . 

We note that, in particular, we can take G to be connected, p to be irreducible, 
and the pair (A,J\f) to be trivial. In this case, in view of the Frobenius reciprocity, 
the proposition implies the existence of an admissible pair (iJ, C) for G such that 
p is a direct summand of Ind^^p'^^ tc, which proves the claim of § ^.l| above. 
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The reason for stating Theorem |7.1| the way we did is that this approach 
makes it easier to give an inductive proof of the proposition. The title of this 
section ( "Geometric reduction process" ) is motivated by an analogy between (the 



proof of) Theorem 7.1 and the (algebraic) reduction process described in one of the 
appendices to |BD06], where it is proved that every irreducible representation of 
a finite nilpotent group F can be canonically realized as a representation induced 
from a "Heisenberg representation" {op. cit.) of a subgroup of T. 

The notion of an admissible pair (for a unipotent group over an arbitrary 



field of characteristic p > 0) is defined in §7.3. However, it is more convenient 
to formulate this definition in the framework of Serre duality developed in the 
Appendix, rather than in the language of multiplicative local systems. Therefore 
we first explain the relationship between these two approaches to Serre duality in 



§7.2. We then state an auxiliary result in |7.4| (it is equivalent to one of the results 



proved in the Appendix) and use it to prove Theorem 7.1 in §§7.5-7.6 



7.2 Two approaches to Serre duality 

Let us first fix an arbitrary field k and a connected algebraic group G over k. If 
A is an abstract abelian group, we will view A as a discrete group scheme over k. 
Thus we have the notion of a central extension of G by A, as well as the notion 
of a multiplicative A-torsor on G (defined by an obvious analogy with Definition 



2.9). Let us define a rigidification of an A torsor f on G to be a trivialization 
of the puUback 1*5, where 1 : Specfc — G is the unit morphism, and let us 
define a rigidified ^-torsor on G to be an ^-torsor on G equipped with a chosen 
rigidification. Since G is connected and A is discrete, it is easy to see that rigidified 
j4-torsors on G form a discrete groupoid (i.e., a category with no non-identity 
morphisms). On the other hand, plain A-torsors on G form a groupoid where the 
group of automorphisms of every object is isomorphic to A. 



The following result is proved in [Ka09 



Lemma 7.2 (a) Every multiplicative A-torsor on G admits a rigidification, and 
the forgetful functor induces a bijection between the set of isomorphism classes 
of rigidified multiplicative A-torsors on G and that of plain ones. 

( b) The natural forgetful functor from the groupoid of central extensions of G by 
A to the groupoid of rigidified multiplicative A-torsors on G is an equivalence. 

Now we assume that k has characteristic p > and G is a connected unipotent 
group over k. Fix a prime £ ^ p. Our goal is to relate multiplicative Q^-local 
systems on G to central extensions of G by the discrete group Qp/Zp. 

Let us fix a homomorphism ^ : (Qp, +) — > Q( with kernel equal to Zp. Then 
ip identifies Qp/Zp with the group ^poo (Q^) of roots of unity in whose order is 
a power of p. Given a central extension 1 — > Qp/Zp — > G — > G — > 1, we can 
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view G as a multiplicative Qp/Zp-torsor on G, and using the homomorphism tp, 
we obtain the induced multiplicative Q^-local system on G, which we denote G^ . 

Lemma 7.3 The map G ^ G^ constructed above is an isomorphism between the 
group H'^{G,Qp/'Iip) of isomorphism classes of central extensions of G by Qp/Zp 
and the group of isomorphism classes of multiplicative Q^-local systems on G. 



Proof. In view of Lemma 7.2, it is enough to show that if C is an arbitrary mul- 
tiplicative Q^-local system on G, then £ is induced from a Qp/Zp-torsor on G 
via tp. To this end, we will show that if / : tti{G) — > is the homomorphism 
corresponding to £, then the image of / is finite and is contained in the subgroup 



IJ-p°°{Qe), where 7ri(G) is the algebraic fundamental group of G, see fSGAl 



Choose an algebraic closure k oi k, write G ~ G k, let 1 : Spccfc — > G 
denote the unit morphism as before, and let 1 denote the corresponding fc-point of 



either G or G. By [3GA1, Thm. IX. 6.1], we have a short exact sequence of groups 



1 — ^ 7ri(G, 1) — ^ 7ri(G, 1) Gal(fc/fc) — ^ 1, 

which is split by the homomorphism Gal(fc/fc) — > 7ri(G, 1) induced by the mor- 
phism 1 : Spec k — > G. By the definition of multiplicativity, the Q^-local system 

1*C on Spec k satisfies (1*£) ® (1*£) = 1*£, whence 1*C is trivial. In other words, 

j-' X 

the composition Gal(/c/fc) — ^ tti{G, 1) — > is trivial. Thus / is determined by 

its restriction to 7ri(G, 1), which we will also denote by /. 

By definition, / factors through a continuous homomorphism 7ri(G, 1) — > 
, where K is a finite extension of Qe contained in Q^. Moreover, by compactness, 
the image of / must lie in O^, where Ok C K is the ring of integers of K. The 
structure of is known; in particular, if mx denotes the unique maximal ideal 
of Ok, then {0^)/{l +mK) — {Ok/^k)^ is finite, and 1 -t-rrii^ has a descending 
filtration by closed subgroup with successive quotients isomorphic to the additive 
group of the residue Ok/^k, which is a finite field of characteristic £. It follows 
that the subgroup fip-yo^K) — K O fJ.p'^iQg) C O^ is finite, and the quotient 
O^ / l-ipoa [K) is a profinite group whose order is relatively prime to p. 

On the other hand, since G is connected, G is isomorphic to an affine space 
over k, so its algebraic fundamental group has no nontrivial quotients of order 
prime to p. Thus the image of / lies in /Xpcxj (if) , completing the proof. □ 



7.3 Definition of an admissible pair 

The notion of an admissible pair is a geometric one; thus we will first formulate it 
for an algebraically closed base field, and then for an arbitrary one. Moreover, it is 
more convenient to begin by working in the framework of Serre duality developed 
in the Appendix. 
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Normalizer of a pair {H, x) 

Let us fix a perfect field k of cliaracteristic p > and a unipotentQ algebraic group 
G over k. From now on, by default, all subgroups of group schemes are assumed to 
be closed. Consider a pair (H, x) consisting of a connected subgroup H <Z G and 
a central extension 1 — > Qp/Zp — > H H — > 1. We can view x as a fc-point 



of the Serre dual H* of H, see §A.12, which is a perfect (possibly disconnected) 



commutative unipotent group over k by Proposition A. 30. Let Ng{H) denote the 
normalizer of H in G. Since the Serre dual H* is defined by a universal property, 
we obtain an induced regular action of the perfectization NQ{H)pprf on H* by 
fc-group scheme automorphisms. We let G'^^^j C NG{H)perf denote the stabihzer 
of X under this action. The notation is explained by the fact that G'^^^^j is the 
perfectization of a uniquely determined closed subgroup of G, which we denote by 
G' and (unambiguously) call the "normalizer of {H, x) in G" . We remark that G' 
may be disconnected even if G is connected. 

Definition 7.4 Let k he an algebraically closed field of characteristic p > Q, let G 
he a unipotent algebraic group ( or perfect unipotent group) over k, and let {H, x) &e 
a pair consisting of a connected subgroup H C G and an element x G H*{k). We 
say that this pair is admissible for G if the following three conditions are satisfied. 

(1) Let G' he the normalizer of (i?, x) G, defined in the previous paragraph. 
Then the quotient group G'° / H is commutative, i.e., [G'°,G'°] C H. 



(2) The homomorphism {G'° / H)perf — > (G"°/i?)*g^^ constructed in ^A.li , which 



is well defined in our .situation in view of condition (1), is an isogeny. 

(3) Given g e G{k), write = g^^Hg, and let x^ G {H^)*{k) be obtained from 
X by transport of structure via LI^ ^> H , h i — > ghg^^ . If g ^ G'{k), then 

Definition 7.5 Let k be an arbitrary field of characteristic p > 0, let G be a 

unipotent algebraic group over k, let H C G be a connected .subgroup, and let x be 
a central extension of H by QpfZp. The pair [H, x) is said to be admissible for G 
if the pair (H (g)k k, x ®fc k) obtained from {H, x) by base change to an algebraic 
closure k of k is admissible for G ®k k. 

Admissible pairs in the context of multiplicative local systems 

Now let fc be a field of characteristic p > 0, let ^ be a prime different from p, 
and choose a homomorphism i/) : (Qp,+) — > with kernel Zp, as in §7.2 



Fix a unipotent algebraic group G over fc, a connected subgroup H <Z G, and a 



^The definition applies equally w ell ( witii obvious simplifications) in the case where G is a 



perfect unipotent group over k (see §A.4) 
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multiplicative Q^-local system C on H (see Definition 2.9). By Lemma 7.3, C is 
associated to a unique (up to isomorphism) central extension x of by QpfZp 
via the homomorphism tp. 

Definition 7.6 We say that the pair {H,C) is admissible for G if the pair {H,x) 



is admissible for G in the sense of Definition 7.t. In the case where k is perfect, 



the normalizer of the pair {H, C) in G is defined as the normalizer of {H, x) in G. 
It is not hard to see that this definition does not depend on the choice of tp. 



7.4 Extension of multiplicative local systems 



The next result is used in the proof of Theorem 7.1. However, we also find it to 



be interesting in its own right. It is a natural geometrization of the fact that if 
r is a group, _ff C F is a subgroup such that [F, F] C H, and x ■ H — > is 
a homomorphism, then x extends to a homomorphism F — > if and only if 



X\ 



1 (a simple exercise) 



Proposition 7.7 Let G be a connected unipotent group over an arbitrary field k 
of characteristic p > 0, let £ be a prime different from p, let H G G be a closed 
connected subgroup such that [G, G] C H , and let C be a multiplicative Q^-local 
system on H. Then there exists a multiplicative Q^-local system C on G with 
C'\^= C if and only if the pullback com* C is a trivial Qi-local system on G x G , 
where com : GxG — H is the commutator morphism, com((7i, 92) — 91929x^92^ ■ 



In view of Lemma 7.3, this result is essentially equivalent to Proposition A. 35 



proved in S:A.14 of the Appendix. 



Remark 7.8 Naively, one might have replaced the condition that com* C is trivial 
by the stronger requirement that j^I^q is a trivial Qi-local system on [G, G] . How- 
ever, the latter condition is not necessary. Indeed, as explained in [KaOfij, there 
are examples of connected unipotent groups G for which there is a multiplicative 
Qg-local system C on G with -Cj^^ being nontrivial. {We leave it to the reader to 
check that the fake Heisenberg groups defined in §^.-Z£ are among such examples.) 



7.5 A special case of Theorem |7.1 



In this subsection we prove Theorem 7.1 in the special case where p is irreducible 
and [G, G°] C A. Using the construction explained in §A.13, we see that J\f induces 
a homomorphism of perfect F^-groups (j)j\f : {G/A)perf — > {G° /A)*^j.j:. Let H be 
a maximal (with respect to inclusion) connected subgroup of G with the property 
that A C H and the composition 

{H/A)p,rf {G/A)p,rf (G°M);e./ ^ {H / A);^^^ 
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is trivial (the subscript "perf" is defined in §A.3). By the definition of ^jv, this 



imphes that the puUback of N by the commutator map H x H — > A is trivial. By 



Proposition 7.7, there is a multiplicative Q^-local system C on H with Af = C\ 



We first claim that C can be chosen so that tc ■ H{¥q) — > is a direct 
sumniand of the restriction of p to H(¥q). Indeed, since the homomorphism 

{H/A){¥,) ^ {H/A),,rf{¥,) ^ {H/A);,^fi¥,) = (i/M)*(F,) 

induced by Af is trivial, we see, in particular, that tjv : A{¥q) — > is trivial 
on [H{¥q), H{¥q)]. Now let V denote the representation space of p, so that A{¥q) 
acts on V through the character tj^. Then we see that p{H{¥q)) C Aut(V^) is a 
commutative subgroup; in particular, by Schur's lemma, there exists a character 
: H{¥q) — > which is contained in the restriction of p to H{¥q). A fortiori, v 
and tc agree on A{¥q), and hence v-t'^^ comes from a character {H/A){¥q) — > . 
But H / A is a connected commutative algebraic group over F^, so, as we mentioned 



in Remark 2.10, there exists a multiplicative Q^-local system £ on H/A such that 
v ■t'^^ — t^, where £ is the puUback of £ to H. In other words, v — t^^^. But the 

restriction of f to A is trivial by construction, so we may replace C with C ® £ 
without loss of generality. 

It remains to verify that C) is admissible. Since [G, H] C [G, G°] C ^ C 
H, we see that H is normal in G, so condition (3) in the definition of admissibility 
is automatic. Condition (1) holds because H Z) A and G° /A is central in G/A. 
Finally, condition (2) holds by the maximality requirement in the choice of H . 



7.6 Proof of Theorem 7.1 



Let us complete the proof of Theorem 7.1 in general. We will use simultaneous 



induction on dimG and on the length of the etale group 7ro(G) — G/G° (i.e.. 



the number of elements of 7ro(G)(F)). By the result of §[7^, we may assume that 
[G, G°] ^ A. We may also assume that p is irreducible. 

Let Z C G° denote the preimage in G of the neutral component of the 
center of G /A. By assumption, Z G° , so Z is a proper connected subgroup of 
G°. As in §7^, A/" induces a fc-group morphism (f>_\f : {G/A)perf — > {^/^)perf 
Since dim Z < dim G, the restriction of this morphism to {Z/A)perf — > i^/^iperf 
has positive dimensional kerne]|^ Hence there is a connected subgroup B C Z 
such that A C B and the composition {B/A)perf ^ {G/A)perf — >■ {Z/A)^^^^ 
{B/A)*^^^ is trivial. As in j |7.5| , we see that there exists a multiplicative Q^-local 
system J\f' on B such that TV = ^'|^ and t_\fi is a summand of pj^j-j. y 



^'^If K is the neutral connected component of the kernel of ipAft then K is normal in G/A and we 
obtain a decreasing sequence K, [G/A,K], [G/A,[G/A, K]], . . . of normal connected subgroups 
of G/A. The last nontrivial term of this sequence is contained in Z/A by the definition of Z. 
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On the other hand, B is normal in G since A C B C Z, and hence J\f' 
is not G- invariant by the niaximality of {A,J\f). Let Gi denote the normahzer 
of JV' in G. Then Gi is a proper subgroup of G, so either dim Gi < dim G, or 
|7ro(Gi)(F)| < |7ro(G')(F)|. In either case, if we let pi be the restriction of p to 
Gi{¥q), we may assume that Theorem 7.1 holds for pi and the pair {B,Af'). 

Let {H, C) denote a pair consisting of a connected subgroup H C Gi and a 
multiplicative Q^-local system C on H, which satisfies the conclusion of Theorem 



7.1 for the 4-tuple (Gi, pi, B,Af'). We assert that it also satisfies the conclusion of 



this theorem for (G, p, A,M). To prove this assertion, we only need to check that 
{H, C) is admissible with respect to G. 

Let G' denote the normalizer of the pair {H,C) in G. We have G' C Gi. 
Indeed, if g G G(F), g ^ Gi(F), then, by construction, g does not fix A/"', and 
hence, a fortiori, it cannot fix {H,£) (because B is normal in G and ^^1^= J\f'). 

Since G' C Gi, conditions (1) and (2) in the definition of admissibility for 
{H, C) hold with respect to G because they hold with respect to Gi . To verify 
condition (3), let g G G(F), g ^ G'{¥).li g & Gi(F), there is nothing to do because 
[H, C) is admissible with respect to Gi. If g ^ Gi(F), then, since B C (H n Hs)° 
and g does not fix A/"', it follows that the restrictions of C and to {H n H^)° 
cannot be isomorphic, completing the induction step in the proof of Theorem [7.1| . 



8 Analysis of Heisenberg idempotents 



In this section we study a certain special type of geometrically minimal weak 



idempotents (cf. Definition 4.12) in the equivariant derived categories of unipotent 
algebraic groups. The main result of the section is Proposition B.l. 



8.1 Setup 

Throughout this section, we fix a field k of characteristic p > 0, let [/ be a possibly 
disconnected unipotent group over k, and let {N,C) be an admissible pair for U 
in the sense of Definition 7.6, such that its normalizer in U is all of U (so that the 
third condition in the definition of admissibility is vacuous). In particular, is a 
normal closed connected subgroup of U, and £ is a multiplicative Q^-local system 
on N which is invariant under the conjugation action of U . In this subsection we 
construct certain objects associated to the data U, N, L. 



8.1.1 Construction of and 

It follows from our assumptions that £ has a natural (7-equivariant structure 
(because N is connected). Let IK^v denote the dualizing complex of then K^r 
has a natural ?7-equivariant structure as well, since N is normal in [/. It follows 
that we can define e£ = £ (8> Kjv as an object of &u{N). Let denote the object 
of S'u{U) obtained from ec via extension by zero. 
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8.1.2 Construction of a morphism 1 — > e'^ 

Let 1 : Specfc — > U be the unit morptiisni, and let 1 = liQ^ be the delta- 
sheaf at 1, equipped with the "trivial" J7-equivariant structure. Recall that 1 
is a unit object in the monoidal category &u{U) under convolution. Of course, 
we can equally well think of 1 as an object of &n{N). li p : N — > Specfc is 
the structure morphism, then Kjv = p Q^, so we get a canonical identification 
I'Ktv. By adjunction, we get a canonical morphism 1 — > K^v. On the 
other hand, since the stalk Ci of £ at 1 has a natural trivialization, we obtain 
an isomorphism 1 ^> 1, where £^ = ^om(£,Q£) is the dual local system 
on C. Composing the two morphisms we just constructed, we obtain a natural 
morphism 1 (g) £^ — > K^r, which induces a morphism 1 — > ec in ^ij{N), and 
hence a morphism 1 — > e£ in S!u{U). 



8.1.3 Construction of a homomorphism Lpc ■ {U° /N)perf — > {U° /N)*^^j, 

Before stating the main result of the section, we need one last construction. Let 
us fix a homomorphism ip 



with kernel Zp. By Lemma 7.3 



the multiplicative local system £ on iV is induced from a central extension N of 
N by Qp/Zp via ^p. Let kperf be the perfect closure of k (see Gr65 |); it is the 
maximal purely inseparable algebraic extension of fc, and hence is determined up 
to a unique fc-isomorphism. As recalled in |:A.3, for every fc-scheme X, we can 
construct its perfectization, Xperf, which is a scheme over kp^rf- In particular, we 
obtain the induced central extension Nperf of Nj^erj by Qp/Zp^ which is Uperf- 
invariant. Using the construction explained in §A.13 with Z = U°f, the neutral 



connected component of U (recall that U° /N is commutative, so this choice of Z is 
allowed), we obtain a homomorphism of perfect unipotent groups U°^^j /Np^rf — 

iPperf / ^pe-rfY kperf, 1-6., a homomorphism 

■■ {UVN)perf {U°/Nrp,,f. 

By the definition of admissibility, Lpc is an isogeny. 



8.2 Statement of the main result 
Proposition 8.1 Let U, N, C, ec, e'c '^'^^ above. 

(a) The morphism 1 — > e'^ constructed in § <$. becomes an isomorphism after 
convolving with e'^. A fortiori, is a weak idempotent in 2!ij{U). 



(b) In fact, e£ is a geometrically minimal weak idempotent in 2>jj[U) {Def. i-H). 

(c) Let 9 denote t he tw ist automorphism of the identity functor on !^jj^j:{U®kk), 
introduced in If the restriction of 9 to the Hecke subcategory 

e'c%0,kiU ®k k) C %^^t:{U ®fc k) 
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is trivial, then U is connected and tpc is an isomorphism. 



This proposition is the last ingredient in the proofs of the main resuhs of our 
work, stated in Section |2[ The rest of the section is devoted to its proof. If U is 
as above, a weak idempotent in ^^u(U) isomorphic to one of the form will be 
called a Heisenberg idempotent^, which explains the title of the section. 



Re mark 8 .2 One can show that the converse of Proposition 8J_(c) holds as well 
(see (DeOI^ ), but we do not need this fact. 



8.3 Proof of Proposition |8.1| (a) 



It is enough to show that the morphism 1 — > ec in S>n{N) becomes an isomor- 
phism after convolving with ec ■ Without loss of generality, we may and do assume 
that k is algebraically closed. Then ec — C[2dimN], so it suffices to prove that 
1 — > ec becomes an isomorphism after convolving with C. 

Fix g 6 N{k), and let pg : N — > N be defined by n i — > n^^g. By the proper 
base change theorem, the induced morphism on the stalks, (1 * £)g — > {ec * C)g, 
is the same as the morphism obtained by applying the functor RTc{N, — ) to the 
induced morphism l(>^{p*C) — > ec®{p*gC). However, p*gC is naturally isomorphic 
to because C is multiplicative, and the morphism 1 ® {p*gC) — > ec ® {p*g^) 
becomes the canonical morphism 1 — > IK at. Applying the functor RTc{N, — ), we 
recover the adjunction morphism — > P'.P'Qi (where p : N — > Specfc is the 
structure morphism) , which is an isomorphism because iV is a connected unipotent 
group over fc, and hence is isomorphic to an affine space over k. 



8.4 Proof of Proposition |8.1| (b) 

Without loss of generality, we may and do assume that k is algebraically closed. 
Then we must prove that is a minimal weak idempotent in ^u{U), which 
is equivalent to showing that the Hecke subcategory e'^!^u{U) contains no weak 
idempotents apart from and e'jr. 

The category e'^!^u{U) is studied inf^ peO£ |. Let us recall the results of 
op. cit. that will be used in the current proof. 



Theorem 8.3 ( pe09| ], Theorem 1.5) Let M C e'^SJuiU) be the full subcate- 
gory consisting of objects M for which M[— dim A^] is a pervers^^ sheaf on U . 

(a) The natural functor D'' (M) — > e'^^uiU) is an equivalence of categories. 



^^The notion of a Heisenberg idempotent is thegeometric analogue of the notion of a Heisenberg 
representation of a finite group, introduced in [BD06 . 

but are 



The results of |De09 use the construction of the arrow 1 — > presented in f 8.1.2 



otherwis e indepe ndent of the current section. 

-"^^See |BBD82 ; we only consider the middle perversity in this article. 
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(6) The subcategory M. is closed under convolution, and is a (semisimple) fusion 
category with unit object e'jr. 

(c) There exists a ribbon structure on the fusion category M, which makes Ai a 
modular category, and is such that the corresponding twist (balancing) is equal 
to the canonical automorphism 9 of the identity functor introduced in §C 



Remarks 8.4 (1) The word "semisimple" in the formulation of part (b) is only 
ad ded for emphasis. Our use of the term "fusion category" agrees with that 
of lENOOSi! . Thus part (b) means that Ai is a semisimple Qg-linear monoidal 



category over Q^, which is rigid, has finitely many simple objects and finite 
dimensional Horn-spaces, and is such that the unit object is simple. 

(2) We do not require the precise definitions of the terms "ribbon structure" or 



"modular category"; see, e.g., [BKOlj. All we need is the fact that a modular 
fusion category where the twist is trivial has only one simple object (which is 
necessarily the unit object). 



We see that Proposition 8.1(b) follows from the more general 



Lemma 8.5 Let A4 be a weakly symmetric fusion category. The bounded derived 
category D^{A4) {equipped with the induced tensor product) has no weak idempo- 
tents other than and the unit object. 

Proof. Let O and 1 denote the monoidal functor and the unit object of M.. In the 
proof we will repeatedly use the observation that \i X,Y ^ J\A are nonzero, then 
X®Y IS also nonzero. The reason is that ii X* is a right duaf^ of X, then X* ®X 
contains 1 as a direct summand, and hence X* ® X ®Y contains F as a direct 
summand. 

First let us check that every weak idempotent in D^{M.) comes from a simple 
object of M. Write M^^ for the category of bounded graded objects of M; in 
other words, M.^"^ is the category of bounded complexes over Ai in which all the 
differentials are equal to 0. The cohomology functor H* : D^{M) — >■ M.^"^ is an 
equivalence of categories because Ai is semisimple, and it is moreover a monoidal 
equivalence by the Kiinneth formula. The comment in the previous paragraph 
implies that the length function t : M-^^ — > Z>o, which assigns to an object 
X e M-^^ the sum of lengths of all the components of X, satisfies £{X (S)Y)> 
({X) -((Y). It follows that every weak idempotent in A^^'' has length 1, and hence 
it must be a simple object concentrated in a single degree k. Now we are forced to 
have k + k = k, and hence A: = 0, as desired. 

Now let X G be a nonzero weak idempotent. Then the right dual X* is 
also a weak idempotent, and hence so is X* (g) X (since Ai is weakly symmetric). 
We already saw that X* (g) X must be simple, and thus X* (g X = 1. So X is 
invcrtible, and since X (g) X ^ X , we see that X ^ 1, proving the lemma. □ 



We are using the terminology of [BKOl, ENO05 
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8.5 Proof of Proposition |8.1| (c) 

By remark ^(2), the hypothesis of Proposition 8.1(c) implies that the category 



M C 



(U) defined in Theorem 8.3 has only one simple object, namely, 



= U/U°, where U° C U is the neutral connected component, and 
'jyo ([/) be the full subcategory consisting of objects M for which 



itself. Write T 

let Ma C e'^i 

M[— dim A^] is a perverse sheaf on U. The natural action of F on {U) induces 
an action of F on Mq, and by [De09, Lemma 1.4], the F-equivariantization is 
equivalent to M. By | De09| , Theorem 1.3], Mq is also a fusion category, so we see 
that e'jr is the only simple object of AAq (indeed, every simple object of A^o can 
be realized as a direct summand of a simple object of A^q )• other hand, all 

simple objects of M.q are described in | De09| , §4.1], and that description implies 
that U is connected and that Lpc is an isomorphism. 



9 The proofs of the main results 

In this section we put together all the preliminary results obtained in Sections 



to prove Theorem 2.5, Theorem 2.14 and Proposition 4.13 



9.1 The key result 

Throughout this section we work with a fixed connected unipotent group G over 
a field k of characteristic p > Q. For the most part, we will take k — F^, but it is 
convenient to formulate one of the results in the more general setting. Below we 



will state a result (Proposition 9.1) to which all the other results to be proved in 
this section are easily reduced. 

It is convenient to introduce the following notation. If fc = Fg and e e SIg{G) 
is any weak idempotent, let us write L{e) for the set of isomorphism classes of 
irreducible representations p of G {¥q) over in which te acts by the identity op- 
erator. If e is minimal (Definition [1.10[ ), it follows from Definition |2.7| and Remark 



4.14(1) that L{e) is either empty (when tf, = 0) or an L-packet (when tf. ^ 0). 

Let (iJ, C) be an admissible pair for G, and let G' be its normalizer in G 
(see Definition [T^). Let € SIg'{G') be the object obtained by applying the 



construction of § B.1.1 with G' and H in place of U and N , and let ch.c — indg, e^. 
Proposition 9.1 With this notation, 

(a) eux a geometrically minimal weak idempotent in 3>q[G); and 



(b) if denotes the geometric conjugacy class of {H,C) (see §[2^) and k — ¥q, 
then 

L{'^) = L{eH,c), 
where L{^) is introduced in Definition \2.1^ . 
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This proposition is proved in §§9^9^. First we explain how it implies all 



the other results to be proved in this section. In 



9.2H9.4I, we assume that k = Fq. 



9.2 Proof of Theorem ETTl 



Proposition |9.l| implies that if is a geometric conjugacy class of admissible pairs 
for G, then L{'^) is an L-packet of irreducible representations of G{¥q). 

Conversely, consider an L-packet ^ of irreducible representations of G{¥g) 
over Qi, and choose p S By Theorem |7.1| (and Frobenius reciprocity), there 
exists a geometric conjugacy class of admissible pairs for G such that p G L{'rf). 
Then L{'^^)^^ ^ 0, and since L(^) is also an L-packet by the previous paragraph, 
we see that L{^) = 3^^ proving Theorem 2.14. □ 



9.3 Proof of Proposition [4.13 



Let us fix two irreducible representations, p\ and pi^ of G'(Fg) ove r Q^ . We tauto- 
logically have (i) =^ (ii) =^ (in) in the statement of Proposition 4.13, so we only 
need to show that (in) =^ (i). Assume that (iii) holds. By the arguments above, 
there exists an admissible pair {H,C) for G such that pi G L{eH.c)- By Proposi- 
tion |9.l| , chx is a geometrically minimal weak idempotent in &g{G). Now tf.^ ^ 
acts as the identity in pi, and hence, by assumption, it also acts as the identity in 
P2- This means that pi and p2 both lie in L{eHx)i which is a single L-packet, and 
the proof is complete. □ 



9.4 Proof of Theorem 127^ 



In this subsection we assume that G is an easy unipotent group over F^. Let p be 
an irreducible representation of G{¥g) over Q^. We must prove that the dimension 
of p is a power of q. 



9.4.1 Step 1 

By the arguments above, there exists an admissible pair {H, C) for G such that 
p is a direct summand of Indj^i^'' i^tc. Let G' be the normalizer of {H,C) in G 
(Definition 7.6). We first show, using Proposition 8.1, that G' is connected and 
the dimension of G' /H is even. 

Let e£ g SIg'{G') be the extension of £ (g) Kjj by zero to G", as before. 



From Proposition ^j|(a) and Lemma 9.2 below, it follows that the functor M \ — > 
e'ji^*M is isomorphic to the identity functor on the Hecke subcategory e'^&o' {G') C 
Sig'{G'). Now Theorem 5.12| (b) implies that the restriction 



indg, 



:^g'(G')^^g(G) 
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is a faithful functor. By Lemma 4.16, the twist automorphism of the identity 



functor on S!g{G) is trivial, because G is easy. As indg/ is compatible with twists 
(Proposition f3 . 1 7 ) , the restriction of the twist on S^q' (G') to the Hecke subcategory 



e'^&G'{G') is trivial as well. These statements continue to hold after base change 



from Fq to F. By Proposition 8.1(c), G' is connected, and the homomorphism Lpc : 
{G' / H)perf — > {G' / H)*^^j induced by C is an isomorphism. Since ipc obviously 



arises from a skewsymmetric bi-extension of G' / H by Qp/Zp (cf. Remark A. 34; see 
also § A.13| for th e con struction of (pc, and § A.IC for the terminology), it follows 
from Proposition |A.2g| (b) that G'/H is even-dimensional. 



We now pause to state and prove the lemma used in the previous paragraph. 

Lemma 9.2 Let M be a monoidal category with monoidal bifunctor (g) and unit 
object 1, and consider an arrow 1 — > e in M. that becomes an isomorphism after 
tensoring with e on the right. Then the functor X i — > e (§) A" is isomorphic to the 
identity functor on the subcategory eM C AA. 



Remark 9.3 Here, the notation is similar to that used in §^.'/, namely, eM is 
the essential image of the functor Ai — > M given by X i — > e ® X . With the 
assumption of the lemma, it is obvious that e is a weak idempotent in A4 in the 
sense o/§.^.'/. However, the existence of an arrow 1 — > e satisfying the assumption 
of Lemma [9.^ is a much stronger condition than merely requiring e to be a weak 
idempotent. (In [BDOt ], arrows 1 — > e that become isomorphisms after tensoring 
with e on either side are called closed idempotents.j In particular, we do not expect 
the conclusion of Lemma 9.i to hold for an arbitrary weak idempotent e €z A4. 



Proof of Lemma 9.L We use the fact that (g) is equipped with an associativity 
constraint. If A G eAi, then A = e ® A, because e = e Cg) e. Hence for any 
A G eA4, the arrow 1 — > e becomes an isomorphism after we apply the functor 
Y I — > y eg) A to it. This (together with the unit constraint for (g)) gives us a 
functorial collection of isomorphisms A ^> e g) A for all A G eA4, as desired. □ 



9.4.2 Step 2 

Now we complete the proof of Theorem ^.5| . Consider the commutator morphism 
com : G' X G' — > H, (gi, (72) ' — > 919291 92^: and form the pullback local system 
C = com* C on G' x G' . Since the map ipc ■ {G' /H)perf — > (G' /I I)*„ f induced 
by £ is an isomorphism, it is easy to deduce from Proposition A.l^ that the trace 

function tc ■ G'{¥q) x G"(Fq) — > descends to a perfect pairing 

Be : {G'/H)i¥,) x {G'/H)i¥,) -^Q^, 
i.e., a bimultiplicative map that induces an isomorphism 

(G7i7)(F,) -^Hom((G7H)(F,),Q;). 
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Next, the definition of ^pc implies that i?£ is equal to the map induced by the 
commutator pairing defined by the character tc, : -ff (F^) — \ Q^, namely, 

G'(F,) X G'(F,) -^^^^ F(F,) 



It is well known (see, e.g., the appendix on Heisenberg representations in | BD06 |) 
that the nondegeneracy of implies that G'(Fq) has a unique irreducible rep- 
resentation, call it p', which acts on i?(Fq) by the scalar t^. Moreover, p' has 
dimension [G'(F,) : £r(FJ]i/2, which is a power of q by the first step of the proof. 
Furthermore, by the Frobenius reciprocity, the irreducible representation of G(Fg) 

with which we started, p, is a direct summand of IndQ,^^^''^ p' . However, the defi- 
nition of an admissible pair, together with Mackey's irreducibility criterion, imply 
that Indg,^^p^^ p' is irreducible. Thus p = Ind^f^^^^ p', whence (as G' is connected) 

dim/? = [G(Fg) : G'(FJ] ■ dimp = gdimC-dimG' . [G"(F,) : i/(Fg)]i/2, 



which is a power of (7, completing the proof of Theorem 2.5 



9.5 Proof of Proposition |9.1| (a) 



In this subsection fc is allowed to be an arbitrary field of characteristic p > 0. We 



will use the notation introduced at the beginning of §qJ. In view of Corollary 5.13 
it suffices to check that for every g e G(fc) \ G'{k), we have e'c * * ^'c ~ 0. Since 
the notion of an admissible pair is stable under base change from k to fc, we may 
as well assume that k is algebraically closed. Let us fix (/ G G(fc) \ G' (k). 

Consider the morphism 

nig : H X H — > G, (hi, 1 — > high2. 

By definition, * (5g * = mg{{ec ec)- To complete the proof, it suffices to 
show that for every x G G(fc), the stalk mg\{ec S ec)x — 0. Up to cohomological 
shiftf^ this is the same as proving that mg\{C M C)x = 0. By the proper base 
change theorem, this is equivalent to Krc{'m~^{x), £ Kl £) = 0. 

Let us fix a: G G{k). If m'^^{x) = 0, there is nothing to check. Otherwise, fix 
a /c-point {hi, /12) of m~^{x). Then m~^{x) can be identified with H H gHg^^ via 
the map w : H r\gHg~^ — > H x H given by w{h) = {hih, g~^ h~^ gh2) ■ 

The (isomorphism class of the) local system £ on is invariant under left 
and right translations (this follows from the multiplicativity of C). Thus 



w*{CMC) ^ C 



HngHg-i 



HngHg-i 



where denotes the multiplicative Q^-local system on gHg ^ obtained from C 
by transport of structure via h 1 — y ghg~^, and is its dual local system. 



'^^Recall that = [2 dim //] (dim _ff ) , and Tate twists arc trivial since k = k. 
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By the definition of admissibility, we are reduced to the following well known 



Lemma 9.4 Let A be an algebraic group over a field k, and let C be a multiplica- 
tive Qf-local system on A such that jC,\^^ is nontrivial. Then RTc.{A^C) = 0. 

Proof. It suffices to show that f\C — 0, where / : A — > t^q{A) is the natural 
quotient morphism and 7ro(A) = A/ A° . Since C is multiplicative, it in turn suffices 
to show that RTc{A° ^ ^\a°^ ~ ^' Thus we may assume, without loss of generality, 
that A is connected and C is as before. 

The following diagram is clearly cartesian: 



A X A 
A' 



■A 



■ Spec k 



where n : A — 5- Spec k is the structure morphism and prj^ : A x A — > A is the 
projection onto the first factor. By the proper base change theorem, 

TT*RTciA,C) = Wv.l^*^ = pi-vX^^C) ^ RrciA,C)®C. 
Since £ is a nontrivial local system on A, this clearly forces Rrc(A,£) — 0. □ 



9.6 Proof of Proposition |9.1| (b) 

We now take fc = and recall that G" C G denotes the normalizer of the given 
admissible pair {H, C) and denotes the geometric conjugacy class of {H, C). We 
can identify with {G/G')(¥q). Note also that H^iVq, G) is trivial because G is 
connected, so we can choose representatives {{iJa, q,-^ of the G{¥q)- 

orbits in ^ such that the normalizers of {H a,Ca) are the inner forms G"" C G of 
G' (see Definition |6.5| and Proposition 6.12| ). 



By Definition 2.13 , the set L{'^) consists of all irreducible representations p of 
G(Fg) such that the functionp] tc^ acts nontrivially in the representation p|q,c,(]f j 
for some a € H^(¥g, G'). On the other hand, Proposition S.13 shows that te^ c — 
fj„(jG g/ is equal to the character of the representation Ind^ff s of 

G{¥q). In view of Frobenius reciprocity and the definition of L[eH,c)i this implies 
that — L{eH.c) £^nd completes the proof of Proposition pj](b). 



^Here we view t^^ as a conjugation-invariant function on the finite group G'°'{¥q). 
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Appendix A: Serre duality and bi-extensions 



In this appendix, which can (for the most part) be read independently of the rest 
of the paper, we recall the classical Serre duality theory pe60 , Be80[ for connected 



commutative unipotent groups, explain how to extend this theory to the case where 
the commutativity assumption is dropped (following a suggestion of Drinfeld), 
and establish a number of technical results on Serre duality and skewsymmetric 
bi-exten sions that are used in the main body of the text. Our presentation closely 
follows [|Dr05| , and we verify a few of the statements conjectured there. 



A.l Prologue 

If G is an algebraic group over a field k and £ is a prime different from charfc, we 
recall that a Q^-local system £ on G is said to be multiplicative if IJ*{C) = £ Kl £, 
where fj, : G Xk G — > G is the multiplication morphism. This notion is a natural 
geometrization of the notion of a homomorphism F — > , where F is an abstract 
group. In the purely algebraic setting, the set of all such homomorphisms is itself 
an abelian group, and this observation is useful in the character theory of finite 
groups. It is natural to ask whether this statement has a geometric analogue. 

In particular, we would like to construct a "moduli space" of multiplicative 
Q^-local systems on G. We assume that G is connected: otherwise local systems 
on G have nontrivial automorphisms, and there is no convenient way to "rigidify" 
them. Moreover, if we want this moduli space to be something resembling an 



algebraic group as well, it is not hard to see [BD06] that G must be unipotent. 
Next, if G is a unipotent group over a field of characteristic 0, then every local 
system on G is constant, so we will assume that charfc = p > 0. 

In this case fix an injection of groups ^ : Qp/Zp ^ Q^. It identifies Qp/Zp 

with the group of roots of unity in whose order is a power of p, and one easily 
checks (see Lemma |7.3| ) that every multiplicative Q^-local system on G comes 
from a multiplicative Qp/Zp-torsor on G (defined in an obvious manner). This 
observation allows us to have a more natural theory which is independent of £. 

Next, even for connected G, multiplicative Qp/Zp-torsors on G are still not 
rigid, because being multiplicative is only a property. To rigidify the situation we 
must look at multiplicative Qp/Zp-torsors £ onG equipped with a trivialization of 
the pullback 1*£, where 1 : Spec k — > G is the multiplicative identity. Giving such 
data is equivalent to giving a central extension of G by th e discr ete group Qp/Zp 



in the category of group schemes over k. This is proved in |Ka09|. We find it more 
natural, and technically much more convenient, to work with central extensions of 
group schemes rather than multiplicative local systems or torsors. Therefore the 
results of this appendix will usually be phrased in the language of (bi-)extensions. 

Finally, we recall (see Remark A.10| below) that the "moduli space" of central 



extensions of G by Qp/Zp can only be canonically defined as a perfect scheme. 
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A. 2 Organization 

The first half of the appendix is devoted to the Serre duality]^ for c onne cted 
commutative perfect unipotent groups, the idea of which goes back to [3e60|. In 



we provide some background on perfect schemes, perfect group schemes, 
and the perfectization functor, following |Gr65, Dr05|. In §A.4 we define perfect 
quasi-algebraic groups and perfect unipotent groups. In §A.5 we recall the main 
statement of the classical Serre duality theory following [ Bc80 . In j |A.6| we recall 
Mumford's notion [Mu68] of a bi-extension, and in § A.7 we relate it to the notion of 
a "bimultiplicative torsor" . In § [A.8| we relate Serre duality for connected commu- 
tative unipotent groups over finite fields to Pontryagin duality for finite p-groups. 
In §|A.9| we prove a result on bi-extensions of commutative connected unipotent 



groups which is used in the study of admissible pairs. Finally, in §A.ll we prove 
the existence of "almost Lagrangian" subgroups with respect to a skewsymmet- 



ric bi-extension (defined in §A.1C) of a commutative unipotent group by Qp/Zp, 
under suitable additional assumptions, cf. |Dr05|. 



The second half of the appendix discusses Serre duality for noncommutative 
groups. In § |A.12| we define the Serre dual of any connected perfect unipotent 
group, and in §§ A. 13 -A. 15 we establish the geometric analogues of certain standard 
constructions and results on 1-dimensional characters of abstract groups. 



A. 3 Perfect schemes and group schemes 

Fix a prime p. Let us recall that a scheme S in characteristic p, i.e., such that 
p annihilates the structure sheaf Os of S, is said to be perfect if the morphism 
Os — > Os, given by / i — > fP on the local sections of Os, is an isomorph ism of 
sheaves. In particular, a commutative ring A of characteristic p is perfect |Gr65 
if and only if Spec yl is a perfect scheme. 

Let 6cf)p denote the category of all Fp-schemes, and let *Perfp be the full sub- 
category of ©cfip formed by perfect schemes. The inclusion functor *Perfp ^ 6c[)p 
has a right adjoint which we will call the perfectization functor, and will denote 
by X I — > Xperf- We note that this functor was constructed by M.J. Greenberg in 



]Gr65 |, who denotes it by X i — > X^/^ , and calls X^^^ the perfect closure of X. 



Next let A: be a perfect field of characteristic p, let ©cfij, be the category of k- 
schemes and ^etrf j, the full subcategory consisting of perfect schemes. The natural 
morphism (SpecA:)per/ — ^ Spec A; is an isomorphism, so for any X € &ct)i^, the 
perfectization Xperf is automatically a scheme over k (if k is not perfect, then Xperf 
is a scheme over the perfect closure of k). Hence X i — > Xperf can be upgraded to 
a functor 6cf)j. — ^exfi^, which is also right adjoint to the natural inclusion. 

Remark A. 5 If A and B are perfect k-algebras, so is their tensor product A/SikB. 
Indeed the p-th power homomorphism A®kB — > A(E)k B, x \ — > x^, is the tensor 



■"Not to be confused with Serre duality in the theory of cohomology of coherent sheaves. 
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product of the corresponding homomorphisms A — > A and B — > B. It follows 
that the product of two perfect schemes over k is perfect, so the inclusion functor 
^erfj, 6cf)j, preserves products. Hence a group object in the category ^Perf^, 
is automatically a group scheme over k in the usual sense, which is perfect as a 
scheme. In particular, the term "perfect group scheme over k" is unambiguous. 

Remark A. 6 On the other hand, the perfectization functor ©cf)^. — *Pfrffe Pre- 
serves limits by abstract nonsense (because it has a left adjoint). In particular, if 
G is a group scheme over k, then Gperf becomes a perfect group scheme over k. 



A. 4 Perfect unipotent groups 

Let us fix a perfect field k of characteristic p > 0. A perfect scheme Y over k is 
said to be of quasi-finite type over k if it is isomorphic to Xperf for a scheme X of 
finite type over k. We define a quasi- algebraic group over fc to be a perfect group 
scheme such that the underlying scheme is of quasi-finite type over fc. 

The next result is not strictly necessary for what follows, but we find it to be 
at least psychologically helpful. 

Lemma A. 7 If G is an affine quasi- algebraic group over k, then G is isomorphic 
to the perfectization of an affine algebraic group over fc. 



Proof. In view of Remark A. 5, we have G = Spec A, where A is a commutative 



Hopf algebra over fc which is perfect as a ring. By assumption, there exists a 



finitely generated fc-subalgebra B C A such that A is the perfect closure [ Gr65 
of B. Every coalgebra over a field is the filtered union of its finite dimensional 
sub-coalgebras, so there is a finitely generated Hopf subalgebra B' C A such that 
B C B' . Then A is the perfect closure of B' as well, and G" = Speci?' is an affine 
algebraic group over fc (because A is reduced), and G = G^g^j, as desired. □ 



Definition A. 8 A perfect unipotent group over k is a perfect group scheme over 
fc which is isomorphic to the perfectization of a unipotent algebraic group over fc. 

The two basic examples of perfect unipotent groups over fc are the discrete 
group Zi/pZ and the perfectization Ga,perf of the additive group Ga- If fc = fc, 
then every connected perfect unipotent group over fc has a finite filtration by 
closed normal subgroups with successive subquotients isomorphic to Ga.per/- 

We denote by cpu^, the category of all commutative perfect unipotent groups 
over fc, and by cpu^ C cpu^ the full subcategory formed by connected group 
schemes. It is not hard to see that cpU;, is an abelian category; in particular, 
for a morphism / : G — > H in cpu^., we can talk about the kernel, Ker/, of /, 
and we have the notion of an exact sequence in cpu^.. Moreover, cpu^ is an exact 
subcategory of cpu^,. 
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A. 5 Classical Serre duality 



We continue to work over a fixed perfect field k of characteristic p > 0. If G S cpu^, 
we define a contravariant functor 

G* : 6cf)fe — > {abelian groups}, S i — > Ext5(G S,Qp/Zp), (A.l) 

wliere Ext^ denotes the first Ext group computed in the category of commutative 
group schemes over S, and (Jp/Zip is viewed as a discrete group scheme over S. 
We call this functor the Serre dual of the group G. 

The idea of this construction goes back to Serre's article |^e60| . However, 
in the form needed for our purposes, the duality theory appears to be due to 
L. Begueri: 



Theorem A. 9 ([Be80|) The restriction of the functor G* to the subcategory 
*Perfj. is representable by an object o/cpu^, which is also denoted by G* . Moreover, 
the functor G ' — > G* is an exact anti-auto-equivalence of the category cpu^. 

Remark A. 10 If G is a connected commutative unipotent group over k in the 
usual sense, the natural morphism G* — > {Gperf)* is an isomorphism of functors 



on 6cl}f.. On the other hand, as explained, e.g., in ^BDOdJ, the functor G* is not 
representabl^^ on the whole category (5cf)j. already for G = Ga- This is the reason 
for working with perfect group schemes in the context of Serre duality. 



A. 6 Bi-extensions 

The notion of a bi-extension of group schemes was discovered by Mumford in 
[ Mu6^ , and later generalized by Grothendieck in SGA 7-1. It can be formulated 
in several equivalent ways; the following approach will be convenient for us. Let 
Gi, G2 be group schemes over a field fc, and let A be a commutative group scheme 
over k. A bi-extension of (Gi,G2) by A is a scheme E over fc, equipped with an 
action of A and a morphism tt : E — > Gi x fe G2 which makes E an A-torsor over 
Gi Xfe G2, together with the following additional structures. 

(a) Choices of sections of tt along {1} x G2 and Gi x {1}, by means of which the 
"shces" 7r~^({l} x G2) and 7r~^(Gi x {1}) wiU be identified with Ax;jG2 and 
Gi X A, respectively, where 1 denotes the unit in Gi or G2 . 

(b) A morphism •! : E Xq^ E — > E which makes E a group scheme over G2 and 
makes tt a central extension of Gi x ^ G2, viewed as a group scheme over G2, by 
^ XfeG2, in a way compatible with the identification AxkG2 = tt^^ ({1} x G2) . 



However, it is ind-representable: see the appendix on Serre duality in 
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(c) A morphism •2 : E Xq^E — > E which makes E a group scheme over Gi and 
makes tt a central extension of Gi XfcG2, viewed as a group scheme over Gi, by 
Gi Xfcj4, in a way compatible with the identification Gi x A = tt"^ (Gi x {!}). 

These data are required to satisfy the following compatibility condition: if T is 
any A;-scheme and en, ei2, 621, 622 e E{T) = Yiomu- schemes{T , E), then 

(en •2 ei2) •! (e2i •2 e22) = (en •! e2i) •2 (ei2 •! e22) 
whenever both sides of this equality are defined, i.e., whenever 

7^(eii) = (51,52), 7r(ei2) = (51,52), 7r(e2i) = (5^, 52), 7r(e22) = (5n 52) 
for some gi,g[ £ Gi{T) and 52,52 £ ^2(7). 

Definition A. 11 The notion of an isomorphism of bi-extensions is defined in 
the obvious way, and bi-extensions of (Gi,G2) by A form a groupoid which we 
den ote by Bi-ext (Gi , Gs); A). (It is even a strictly commutative Picard groupoid, 



I Dr05 1, but we will not use this fact.) A trivial bi-extension is one which is 
isomorphic to A Xk Gi Xk G2 equipped with the obvious A-action, the natural 
projection Ax^Gi XkG2 — > Gi XkG2, and the obvious partial group laws coming 
from the group law on A. Equivalently, a bi-extension E as above is trivial if it has a 
trivialization, i.e., a bimultiplicative section a : Gi XfcG2 — > E ofir, which means 
that for any k- scheme T and any choice of gi,g[ G Gi{T) and g2,g'2 G G2{T), we 
have cr(5i5n52) = cr(5i,52) 'i cr{g[,g2) and ^(51,5252) = <^{9i,92) "2 cr(5i,52)- 



Remark A.12 ( |Dr05[l ) Bi-extensions are to central extensions as bimultiplica- 



tive maps are to homomorphisms, where, for abstract groups ri,r2, A, we say that 
a map 13 : Ti x T2 — > A is bimultiplicative if /3(7i, — ) is a homomorphism for 
every fixed £ Fi, and j3{— ,^2) is a homomorphism for every fixed ^2 £ r2. This 
analogy manifests itself in many different ways. 

For instance, if G is a group scheme over k and A is a commutative group 
scheme over k, then the group of automorphisms of any central extension of G 
by A is naturally isomorphic to the group Hom(G, j4) of morphisms of k-group 
schemes G — > A. Consequently, for any trivial central extension of G by A, its 
trivializations form a torsor under Hom(G, A) . Similarly, if Gi and G2 are group 
schemes over k, then the group of automorphisms of any bi-extension of (Gi, G2) 
by A is naturally isomorphic to the group of bi-multiplicative morphisms of k- 
schemes Gi Xk G2 — > A, and hence trivializations of any trivial bi-extension of 
(Gi, G2) by A form a torsor under the latter group. 

Corollary A. 13 If A is a discrete commutative group and G\, G2 are group 
schemes over k, at least one of which is a connected algebraic or quasi- algebraic 
group, then bi-extensions o/(Gi,G2) by A have no non-trivial automorphisms. In 
particular, every such bi-extension has at most one trivialization. 
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Definition A. 14 A bi-extension E of (Gi, G2) by A is said to be commutative if 
the two partial group laws on E are commutative. Of course, this can only happen 
if Gi and G2 are commutative group schemes. In [MuSS], Mumford imposes the 
commutativity requirement in the very definition of a bi-extension. 



A. 7 Bi-extensions and bimultiplicative torsors 

Some of the data and the compatibiUty conditions that appear in the definition of 
a bi-extension can often be ignored. To explain this comment, let us introduce the 
notion of a bimultiplicative torsor, by analogy with the notion of a multiplicative 
torsor. 

Definition A. 15 In the situation above, let 

Hi : Gi Xfe Gi — > Gi and H2 : G2 x^. G2 — > G2 
be the multiplication morphisms, and let 

Pl'l3;Pr23 ■ Gl Xfc Gi Xfc G2 y Gi Xfc G2 

and 

pri2,pri3 : Gi Xfe G2 Xfe G2 — > Gi Xfe G2 
be the projections. An A-torsor £ on Gi x^, G2 is said to be bimultiplicative if 

{^i X idG2)*(^) — P^isi^) Pi"23(^) as A — torsors on Gi x^ Gi x^ G2 
and 



{idci x/i2)*(f ) = pr*2(f) ® pr*3(f ) as A — torsors on Gi x^ G2 x^ G2. 

It is clear that a bi-extension E of (Gi, G2) hy A determines a bimultiplicative 
A-torsor on Gi x ^ G2 by forgetting the partial group laws on E. The proof of the 



following analogue of Lemma 7.2 is straightforward, and is therefore omitted. 



Lemma A. 16 Let Gi and G2 be connected algebraic or quasi- algebraic groups 
over a field k, and let A be an abstract commutative group, viewed as a discrete 
group scheme over k. Consider the groupoid of bimultiplicative A-torsors £ on 
Gi Xfc G2 equipped with a trivialization of (1 x 1)*£. Then the forgetful functor 
Bi-ext (Gi . G2: A) — > is an equivalence of categories, and both groupoids are 
discrete. Furthermore, if Gi and G2 are commutative, then every bi-extension of 
(Gi,G2) by A is automatically commutative as well. 
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A. 8 Serre duality and Pontryagin duality 

In the remainder of the appendix, the only bi-extensions that we consider will be 
bi-extensions of connected unipotent groups by Qp/Zp. Let us fix a perfect field 
k of characteristic p > and an object G e cpu^. If G* £ cpu^ is the Serre dual 



(§A.5) of G, then, by definition, we have a central extension 14 oi G Xk G* by 
QpfZp in the category of group schemes over G* , which is universal in the obvious 
sense. The following claim is readily verified: 

Lemma A. 17 Let A be a perfect group scheme over k, and let f : A — > G* 
he an arbitrary morphism of k-schemes. Then f is a morphism of group schemes 
if and only if (idg xf)*bl has a structure of a bi-extension of (G, A) by QpfZp, 
compatible with its structure of a central extension of G Xk A by Qp/Zp as an 
A-group scheme. 

In particular, we see that lA itself comes from a (unique) bi-extension of 
{G,G*) by Qp/Zp, which we will also denote by U. Furthermore, morphisms of 
fc-group schemes / : A — > G* correspond bijectively with bi-extensions of (G, A) 
by Qp/Zp. 

In this subsection we assume that fc = is finite. Then G(Fq) is a finite 
abelian p-group, and we can consider its Pontryagin dual, which can be canon- 
ically defined as G(Fq)* — IIom(G(Fg), Qp/Zp). It is natural to ask about the 
relationship between G*{¥q) and G{¥q)* . As we will see shortly, these two groups 
are canonically isomorphic. First, note that we have an analogue of the sheaves-to- 
functions correspondence (§4.2) in the context of Qp/Zp-torsors. Namely, isomor- 



phism classes of Qp/Zp-torsors on Spec ¥q are in natural bijection with continuous 
homomorphisms (f) : Gal(F/Fg) — > Qp/Zp. In turn, such homomorphisms are in 
bijection with elements of Qp/Zp, via cj) i — 4>{Fq)i where Fq € Gal(F/Fg) is the 
geometric Frobenius. Now if X is an arbitrary scheme over ¥q and £ is a, Qp/Zp- 
torsor over X, we obtain a functor ts : ^(F^) — > Qp/Zp, defined by sending 
X e X{¥q) to the element of Qp/Zp corresponding to the Qp/Zp-torsor x*£ over 
SpecFq. 

Proposition A. 18 If G is a perfect connected commutative unipotent group over 
¥q, G* is its Serre dual, andlA is the universal bi-extension of{G,G*) by Qp/Zp, 
then the map 

G{¥q) X G*{¥q) = (G X G*)(F,) Qp/Zp 
is a perfect pairing, i.e., it is bi-additive and identifies G*(¥q) with G{¥q)* . 
Proof. The only nontrivial part is to show that every x S G{¥q)* can be represented 



as X I — > tu{x, y) for some y G G*{¥q). By Lang's theorem |La56], we have an exact 
sequence of perfect commutative unipotent groups over Fg, 

G{¥q) -^G ^G ^0, (A.2) 
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where L : G — > G, g i — > ^{g)g ^ is the Lang isogenyP]. Choose a homomorphism 
X ■ G{¥q) — > Qp/Zp. The pushforward of (A. 2) by x is an extension 







G 



0, 



which defines an element y G G*{¥q). One checks easily (cf. [^GA4^|, Sommes. 
trig.) that the function : G{¥q) — > Qp/Zp, defined by (viewed as a Qp/Zp- 
torsor over G), is equal to x- Hence xi^) = tu{x, y) for all x G GiWq). □ 



A. 9 Canonical pairing associated to a bi-extension 

Let us fix two objects Gi, G2 G cpu^ and a morphism / : Gi — > G2. Since (G2)* 
is canonically identified with G2 by Theorem A. 9, we see from Lemma A. 17 that / 
corresponds to a bi-extension of (G2, Gi) by Qp/Zp. Consider the dual morphism 
/* : G2 — > G\. The kernels Ker/ and Ker/* are possibly disconnected objects 

of CpUfc. 

Until the end of the subsection we assume that k is an algebraically closed 
field of characteristic p > 0. Then the groups of connected components 7ro(Ker/) 
and 7ro(Ker /*) are finite discrete abelian p-groups. Our goal is to define, following 
[ Dr05|] , a canonical nondegenerate pairing of abelian p-groups 



Bf : 7ro(Kerr) x 7ro(Ker/) Qp/Zp, 
i.e., a bi-additive map inducing an isomorphism of abelian groups 



7ro(Ker/* 



Hom(7ro(Ker/), Qp/Zp). 



(A.3) 



(A.4) 



The definition of (A.3) is simple. Since /| j^j,j.^= 0, the restriction -^Ig* ^(Kcr /) 
is a trivial bi-extension. Sinc e G% is connected, there is only one trivialization 
of ^|(3*x(Kcr/) ^-^ Corollary A.13 . Similarly, the bi-extension -^l^j^^,,. j.^^g 



a unique trivialization. Thus we obtain two trivializations of i? 

^ I (Ker /•)x (Ker/)' 

which, by Remark A. 12 , must "differ" by a bi-additive morphism (Ker/*) x 
(Ker /) — » Qp/Zp. Since Qp/Zp is discrete, the latter factors through a bi-additive 
map (p 



Proposition A. 19 The pairing (A^) we just defined is nondegenerate. 



To prove t his p roposition, it suffices to show the injectivity of the induced 
homomorphism ( A.4 ), for then we can apply the same argument replacing / with 
/*. Thus let g G (Ker/*)(fc) be such that Bf{g,x) —0 for ah x G 7ro(Ker/), where 
'g denotes the image of g in 7ro(Ker/*). We must show that g G (Ker/*)°. To this 
end we need to obtain a more concrete description of (Ker/*)°. 



^^Here, <& : G — > G is the absolute Frobenius morphism, defined as the identity map on the 
underlying set of G, and the map / 1 — > f on local sections of the structure sheaf ffa of G. 
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Consider an arbitrary extension of commutative group schemes over k, 

Qp/Zp ^ G2 ^ G2 ^ 0. 

Let t e G^i^) denote the corresponding element, and assume that t e Ker/*, 
which means that there exists a morphism / : Gi — > G2 such that rj o f = f . 
Since Gi is connected and Qp/Zp is discrete, / is unique. Moreover, it takes Ker/ 
to Qp/Zp, so we obtain an induced homomorphism t' : 7ro(Ker/) — > Qp/Zp. 

The following claim is simply a matter of unwinding the definitions: 
Lemma A. 20 We have t'{x) — Bf{t,x) for all x e 7ro(Ker/). 



In view of this result, it is clear that Proposition A. 19 follows from 
Lemma A. 21 In the situation above, the following are equivalent: 
(i) t belongs to the neutral connected component (Ker/*)°; 
(ii) the restriction oft to the image of f is trivial; 
(Hi) the homomorphism t' is identically zero. 

Proof. The equivalence between conditions (ii) and (iii) is obvious. Indeed, since 
we are already assuming that f*{t) = 0, it is clear that the restriction of t to the 
image of / is trivial if and only if the homomorphism / defined above vanishes on 
Ker/, which is in turn equivalent to the vanishing of t' . 

For the equivalence between (i) and (ii), note first that the composition of / 
with the quotient map G2 G2/ f{Gi) equals zero, hence the composition 

(G'2//(Gi))* ^Gl^Gl 

also equals zero. Since {G2/ f{Gi))* is connected, we see that (ii) implies (i). The 
argument of the previous paragraph shows that we have an exact sequence 

{G2/fiGi)nk) (Ker/*)(fc) ^Hom(7ro(Ker/),Qp/Zp), 

and the last group is finite. Thus {G2/ f{Gi))* maps isomorphically onto (Ker /*)°, 
whence (i) also implies (ii) and the proof of the lemma is complete. □ 



A. 10 Symmetric and skewsymmetric bi-extensions 

Let A; be a perfect field of characteristic p > 0, let G G cpu^., and let E G x^G 
be a bi-extension of {G,G) by Qp/Zp. As explained above, E determines (and is 
determined by) a homomorphism / : G — > G* . We will think of its dual, /*, as 
a homomorph ism G — > G* as well, using the canonical identification (G*)* = G 
(see Theorem^). 
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Definition A. 22 The bi-extension E is said to be symmetric ifT*{E) = E, where 
T : G Xk G — > G Xk G is the transposition of the two factors. Equivalently, E is 
symmetric if f* = f . We say that E is skewsymmetricp^ if the restriction of E to 
the diagonal in G x^G is a trivial Qp/Xp-torsor. 

Remark A. 23 In general, skewsymmetry is not a property of a bi-extension; 
rather, one needs to define an extra structure, called a skewsymmetry constraint in 
jprOS j. However, since G is connected andQpfZp is discrete, being skewsymmetric 



becomes a property in our situation (similarly to Lemma A.lt) 



Remark A. 24 If the bi-extension E considered above is skewsymmetric, it is easy 
to check that f = — /*. The converse statement holds if (and only if) p> 2. 

Lemma A. 25 ("Parity change") In the situation of this subsection, assume 
that k is algebraically closed, and consider the canonical pairing ( |A.5| ) defined 
in %A.(\ If E is symmetric {respectively, skewsymmetric), so that, in particular, 
Ker/ = Ker/*, then Bf is alternating^ {respectively, symmetric). 

This lemma is proved at the end of the subsection. In th e skewsymmetric case, 
we can in fact prove a more precise result (see Lemma A.26| below) . To state it we 



introduce some notation. Because we are working in the commutative situation, 
we will denote the partial group laws on i? by +i and +2, as opposed to "i and 
•2. The group laws on G and A will also be written additively. Since E is either 
symmetric or skewsymmetric, we have Ker / = Ker/*, and thus we have unique 
trivializations A : (Ker/) XkG — ?► E and p : G Xk (Ker/) — > E (cf. Definition 



A.llp , as in §A.9 



With this notation, the bi-additive map (A.3) is explicitly defined by 



X{x,y) = Bf{x,y) + p{x,y) Va;,2/eKer/. 



If, in addition, E is skewsymmetric, then, by Definition A. 22, we have a unique 
morphism A : G — > E such that A(0) — and tt o A is the diagonal morphism 
A : G — > G XkG. In this case we define a morphism q : Ker / — > Qp/Zp by 

\{x,x) ^ q{x) +A{x) VxGKer/. 

Lemma A. 26 Assume that k is algebraically closed, and that E is skewsymmet- 
ric. Then q descends to a map q : 7ro(Ker/) — > Qp/Zp satisfying the following 
identities: 

(1) q{nx) — ■ q{x) for all n E Z and all x G 7ro(Ker/); and 

(2) Bf{x,y) = q{x + y) ~ q{x) - q{y) for all x,y e 7ro(Ker/). 



£^The term "alternating" might be more appropriate, but we decided to be consistent with 



Dr05 . 

■^^in other words, Bf{x,x) = for all x G 7ro{Kcr/) = 7ro(Ker/*). 
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In particular, q is a "nondegenerate Qp/Zip-valued quadratic form" on 7ro(Ker/). 

Proof. (1) Given n e Z, let e i — > n*ie and e i — > n *2 e denote the "multiplication 
by n" action on E obtained from the first and the second partial group laws, 
respectively. Consider the identity A(n ■ x) = n *i {n *2 A(a;)) for a; £ G. It holds 
for X = by construction, and becomes true after we apply tt to both sides. Hence 
this identity holds for all x, by continuity. On the other hand, since A is bi-additive, 
we have X{n ■ x,n ■ x) — n 't^i (n *2 for all x G Ker/, proving (1). 

(2) We take x, y e (Ker/)(fc). By construction, we have 

X{x + y,x + y)=q{x + y) + A{x + y). (A.5) 
On the other hand, using the bi-additivity of A, we find 

Hx + y,x + y) ^ {X{x, x) +2 Hx, y)) +1 (A(y, x) +2 A(y, y)) 



= qix) + q{y) + (A(x) +2 A(a;, y)) +1 (A(y, x) +2 A(y)) 



(A.6) 



Comparing ( |A.5D and (|A.(]| ), we see that (2) reduces to verifying the identity 

A(x + y) - {A{x) +2 p{x, y)) +1 {\{y, x) +2 A(y)) . 

However, the last identity is meaningful for all {x,y) £ G{k) x (Ker/)(fc). More- 
over, it is satisfied by continuity, because it holds whenever a: = 0, because G is 
connected, and because it becomes true after we apply tt to both sides. □ 



Proof of Lemma \A.25 . If E is skewsymmetric, the symmetry of Bf follows from 



Lemma A.26| (2). Now assume that E is symmetric and use the notation introduced 



above. Let r : E ^> E be the isomorphism of fc-schemes which induces an isomor- 
phism of bi-extensions between t*{E) and E. In other words, n or — t o n, and r 
interchanges the two partial group laws on E. Uniqueness of trivializations implies 
that X{x,y) = T{p{y,x)) for all {x,y) € (Ker/)(fc) x G(fc). On the other hand, by 
continuity, t is the identity above the diagonal in G Xfc G. Thus X{x,x) — p{x,x) 
for all X £ (Ker/)(fc), which means that Bf{x,x) = 0, i.e., Bf is alternating. □ 



A. 11 Lagrangian subgroups 

Every finite dimensional vector space V equipped with an alternating bilinear form 
Lu admits a Lagrangian subspace, i.e., a subspace L C V which coincides with its 
annihilator with respect to lo. In particular, the rank of lu is even. 

Let us study the geometric analogue of this statement. Fix G G cpu^ and a 
skewsymmetric bi-extension E of {G,G) by Qp/Zp. Let / : G — > G* denote the 
corresponding morphism. The rank of E is defined to be rk£^ = dim /(G). 
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Definition A. 27 An almost Lagrangian subgroup of G with respect to E is a 
closed connected subgroup L C G such that L C /~^(Anii(L)), and L has finite 
index in f~^{Aim{L)), where Ann(L) = Ker(G'* — » L*) C G* is the annihilator of 
L in G* . We say that L is simply Lagrangian i/ /^^(Ann(i)) = L. 

Note that if G has an almost Lagrangian subgroup with respect to E, then 
rkiJ must be even. However, rki? is not always even in the geometric setup: for 
instance, there exist nontrivial skewsymmetric bi-extensions of (Ga.per/, Ga,per/ ) 
by Qp/Zp. This is the first obstruction to the existence of almost Lagrangian 
subgroups. If the base field k is algebraically closed, this is the only obstruction. 
The non-algebraically closed case appears to be more intricate. Part (a) of the 



following result was conjectured in [Dr05 



Proposition A. 28 (a) If k is algebraically closed and rki? is even, G has an 
almost Lagrangian subgroup with respect to E. 

(b) Allow k to be merely perfect, and suppose that E is nondegenerate in the 
stron(Jp\ sense, i.e., f : G — > G* is an isomorphism. Then dimG is even 
and every almost Lagrangian subgroup of G with respect to E is Lagrangian. 

Before proving this proposition we need to understand Serre duality more 
explicitly in a special case. It is well known that the objects of cpu^ that are 
annihilated by p are isomorphic to direct sums of copies of Ga,per/- On the other 
hand, we have 

Endcpu° (Ga, per/) ^ R ■= fc{r,T"^}, (A. 7) 

the ring of twisted Laurent polynomials, determined hy t ■ c = c^ -t for c d k. The 



isomorphism (A. 7) is obtained by letting elements of k act on Ga,perf by dilations, 
and letting r act by x i — > x^ . 

To describe the Serre duality functor on the subcategory of p-torsion objects 
of cpu^, we only need to expl ain how it acts on Ga,per/ and on endomorphisms 
of Ga,perf- This was done in [ BD06 |. One can identify G* ^^^y with Ga^perf so 



that the action of the Serre duality functor on endomorphisms of 'Ga,perf becomes 
the anti-involution / i — > f* of the ring R determined by c* = c for c ^ k, and 



Below we will prove the following purely algebraic result: 

Lemma A. 29 Let k be algebraically closed, and let f : ^^^^ — > (G^ per/)* 
a morphism of k- group schemes such that f* = — /. Then there exists a nonzero 
morphism a : Ga^perf — > G^ ^^^^ such that a* o f o a — 0. 



Let us explain why this lemma implies Proposition A. 28 



^The "weak" nondegeneracy condition is that / is an isogeny. 
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For part (a) of the proposition, we use induction on dim G. What ahows us 
to reduce dimG is the construction of subquotients of E. Namely, if C G is 
a closed connected isotropic subgroup, i.e., such that H C /^^(Ann(iJ)), 
then E induces a skewsymmetric bi-extension E' of G" :— {H^)°/H by Qp/Zp, 
and if L' is an almost Lagrangian subgroup of G' with respect to E' , then the 
preimage of L' in is an almost Lagrangian subgroup of G with respect to E. 
Furthermore, rk£" has the same parity as rki?, and dimG' < dimG so long as H 
is nontrivial. 

First we reduce to the case p • G = 0. If p ■ G 0, let n > 2 be the smallest 
integer for which p"-G — (it exists because G is a commutative perfect unipotent 
group). Thenp"~^-G is a nontrivial connected isotropic subgroup of G with respect 
to E, so we are done by induction on dimG, as explained above. 

Now assume that p • G = 0, so that G = G'^ ^^^j for some d G N. If d = 1, 
then E — Q because rkE' is even by assumption, so G is almost Lagrangian in 
itself. Otherw ise, let G" C G be a closed subgroup isomorphic to ^^^j. By 



Lemma A. 29, G" has a nontrivial connected isotropic subgroup H with respect to 



E\„,, „„. Then H is also isotropic in G, and we are again done by induction. 

Next we prove part (b) of the proposition. The second statement is obvi- 
ous: if i C G is any connected subgroup, then Ann(L) C G* is also connected, 
whence L-^ = /~"'^(Ann(L)) is connected because / is an isomorphism. Thus L 
is Lagrangian if and only if it is almost Lagrangian. For the first statement, use 
the base change from k to an algebraic closure of k (this changes neither the 
nondegeneracy property of E nor dimG). Now let us try to repeat the same in- 
ductive argument as above to prove that G has an almost Lagrangian subgroup 
with respect to E, which will imply that dimG is even. Note that if iJ C G is 
a closed connected subgroup which is isotropic with respect to E, then the in- 
duced skewsymmetric bi-extension E' of /H by QpfZp is also nondegenerate. 
Thus the only place where we cannot repeat the same argument as above is when 

G = Ga.perf- 

However, we claim that Ga,perf cannot have nondegenerate skewsymmetric 
bi-extensions by Qp/Zp. Indeed, consider a morphism / : Ga,per/ — > G* ^^^^ 
defining a skewsymmetric bi-extension. We identify G* ^^^y with Ga,perf as ex- 
plained above, so that / becomes an element of the ring R = k{T,T~^}. It is easy 
to check that being skewsymmetric becomes the property that / can be written 
as a sum of elements of the form ■ c — c • , where i G N and c ^ k. However, 
no such element is invertible in _R, since all units of R are of the form c ■ , for 
c € k^ and i e Z. 



Thus we have proved both parts of Proposition A. 28. 



Proof of Lemma A.2L Our argument uses dimension counting, which is why we 
need to assume that k is algebraically closed. Using the identification of G* ^^^j 
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with Ga.perf, we Can represent the morphism / by a two-by-two matrix 

where a,b,d ^ R and a = —a*, d = —d*. 

An arbitrary morphism a : Ga,perf — > ^^^^ can be represented by a vector 
{x, y) € R^, and then the element a* o / o a G Endcpu= (Ga.per/) equals 

F{x, y) := x*ax - y*b*x + x*by + y*dy. (A. 8) 

We must show that in this situation there exist x,y <E R, not both zero, such that 
F{x, y) = 0. Note that we have F{x, y)* — -F{x, y) for all x,y e R. 

In what follows we will view i? as a vector space over k with respect to the 
action of fc on i? by left multiplication. For each G N, let i?Ar be the subspace 
of R spanned over k by {t~^, t^^+^, . . . , t^}. It has dimension 2N + 1. 

Let i?^^™ denote the subset oi Rn consisting of the elements z satisfying 
z* = —z. It is not a fc-subspace of Rtq . However, we can identify it with a suitable 
fc- vector space. Namely, let FC^ be the subspace of R spanned by {r, r^, . . . , r^} 
if p > 2, and by {1,t, ...,t^} if p = 2. There is a unique additive bijection 

: i?^ Rj^"'^ given by cr^ i — > ct^ - t^^c for 1 < j < A^, c e fc, and c i — > c 
Hp = 2. We have dimi?+ = A if p > 2, and dimi?+ A^ + 1 if p = 2. 

Choose TO e N such that a,b,d E R„i. Then the map F defined by 
R% to R2N+m- Hence F' o is a map R% — > Rtn+nv This map 

is not quite polynomial with respect to the obvious coordinates on the fc-vector 
spaces i?^ and R2N+m^ because of the equation ■ c = c^/p ■ for c & k. 
However, for any s G N, we have a bijection k^^^^ i?^ given by 

{x-N,---,XN,y-N,---,yN) ' ^ i^^t "^O' 

i 3 

and the resulting composition fc'*^+^ — > -^2N+m given by a polynomial map 
with coefficients in fc if s is large enough. Since AN + 2 > dim^ R2M+m whenever 
N > m, and since fc is assumed to be algebraically closed, the standard theorem of 
the dimension of fibers of an algebraic map implies that the equation F{x, y) — 
has a nonzero solution (x, y) G R% for N > m, which proves the lemma. □ 




A. 8) takes 



A. 12 Noncommutative Serre duality 

Let us once again fix a perfect field fc of characteristic p > 0. Let G be a connected 
perfect unipotent group over fc. This time we do not assume that G is commutative. 
The Serre dual of G can be defined, as a functor, in the same way as in §A.5, by 
formula (A.l), except that the right hand side has to be interpreted as the group of 
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isomorphism classes of central extensions of G x ^ 5 by the discrete group scheme 
Qp/Zp. The following result was conjectured by Drinfcld in [ Dr05{ ; the key idea 
of the proof is also due to him. 

Proposition A. 30 IfG is a connected perfect unipotent group over k, the restric- 
tion of the functor G* to *Perffc is represented by an object of cpUj,, which we also 
denote by G* . Moreover, the natural homomorphism {G""^)* — > G* , induced by 
the quotient map G — > G"'' ^ G/[G,G], identifies {G"'')* with {G*)° . 

Let us first explain why the problem is nontrivial. Naively one might expect 
that every central extension of G by Qp/Zp restricts to a trivial extension of [G, G] , 
so that G * — {G°'^)* as functors. However, this is not so, as was already observed 
in | Dr05 |; see [ Ka09 for more details. Fortunately, as we will see below, this naive 
expectation only "fails by a finite amount," which allows us to get a handle on G* . 



We use the following result of |Ka09| in a crucial way: 
Theorem A. 31 (M. Kamgarpour) There exists a (unique) central extension 

l^Il^[G,G]true^[G,G]^l, (A.9) 

where 11 is a finite unipotent k-grow^^ characterized by the properties that 

• [G,G]true is connected, 

• every central extension of G by a finite unipotent k-group splits after pullback 
to [G, G]true, and 

• the commutator morphism G XkG — > G lifts to [G,G]true- 

Moreover, there exists a central extension G G of G by a finite unipotent 
k-group such that (A.9) is isomorphic to 7r^^([G, G])° — > [G, G]. Finally, the 
formation of ( [A.9| ) commutes with base change to algebraic extensions ofk. 

The group [G,G]true, together with the homomorphism [G,G]true — > G, is 
called the true (etale) commutator [Dr05] of G, for the obvious reason. 



To prove Proposition |A30|, we use induc tion of dimG. If dimG = 1, then 
G is commutative and we can apply Theorem A.9 . Assume that dimG > 1 and 
the result holds for all connected perfect unipotent groups H over k such that 
dim H < dim G. 

If S is any perfect scheme over k and A is an abstract (discrete) abelian 
group, we will write H^(G Xj, S,A) for the abelian group of isomorphism classes 
of central extensions of G x^ by A in the category of group schemes over S. 



^^In other words, a finite etale unipotent group sciieme over k. 
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Lemma A. 32 If S is a perfect scheme over k, the natural homomorphism 
H\G Xfc 5,Qj,/Zp) H\[G,G]true Xfc 5,Qp/Zp) 

equals zero. 

Proof. We may assume that S is affine. There exists n G N such that — 1 for 
all g G G or [G, G]true- Hence, for any S as above, the natural homomorphisms 

H^{G Xfc 5,Z/p"Z) H'\G Xfc 5,Qp/Zp) 

and 

H\[G,G]true Xfc 5,Z/p"Z) H^{[G,G]true Xfe 5, Qp/Zp) 

are isomorphisms. On the other hand, it is easy to see that since S is affine, 
hini7^(G Xfc S",Z/p"Z) ^ ff^(G x^ S',Z/p"Z), 

where the inductive limit is taken over all morphisms S — > S' , where S" is a 
perfect affine fc-scheme of quasi-finite type (§A.4) over k. Hence it suffices to prove 
the lemma in the case where S is of quasi- finite type over k. 

Now, by the induction assumption, the functor [G, G]j^„g is representable 
by an object of cpu^.. Given an element of H^{G Xj, S,Qp/Zp), its puUback to 
\G, G]true Xfc S defines a morphism of fc-schemes S — > [G, G]j^„g. By Theo- 
rem A. 31 , the induced map S{k) — > [G,G]frue{k) is identically 0, where k is 
an algebraic closure of k. Since S is of quasi-finite type over fc, this implies that 
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[G, G]: 



is constant. 



□ 



We can now complete the proof of Proposition A. 30. Consider the sequence 



(A.9) defined in Theorem A. 31 . In view of Lemma A. 32 , we obtain an exact se- 
quence of functors from ^Perf^, to the category of abelian groups. 







G* ^Hom(H,Qp/Zp) -^0, 



where Hom(H, Qp/Zp) is viewed as a finite unipotent fc-group in the natural wayp^ 
Since (G"'')* is representable by a connected commutative perfect unipotent group 
over k by Theorem A.9, both statements of Proposition A.3C follow. 



A. 13 An auxiliary construction 

In this subsection we describe a construction used in the definition of an admissible 



pair for a unipotent group in characteristic p > (see §7.3). The construction is 



^*For instance, 11 is nothing but a finite abelian p-group equipped with a continuous action of 
Gal{A;/fc), where k is an algebraic closure of k. Then Hom{n,Qp/Zp) can be equipped with the 
contragredient action of Gal(fc/fc). 
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a geometric counterpart of the fohowing simple observation. If F is a finite group, 
iV C r is a normal subgroup, x '■ ^ — ^ Qpf^p is a homomorphism, which is 
invariant under the conjugation action of F, and Z C F is a subgroup such that N C 
Z and [r,Z] C N, then x induces a homomorphism T/N — > Hom(Z/7V, Qp/Zp) 
given by 7 1 — > (z x{iz7~^z~^)'j . 

We fix a perfect field k of characteristic p > 0, let J7 be a (possibly discon- 
nected) perfect unipotent group over k and let C f7 be a normal connected 



subgroup. By Proposition A.3C, we can speak about the Serre dual, N* e cpu^., 
of N, and since N* is defined by a universal property (in the category of perfect 
fc-schemes), it is clear that U acts on N* regularly by fc-group scheme automor- 
phisms. 

Let v e N*{k) be a [/-invariant element, and let Z C U he a. connected 
subgroup such that N C Z and [U, Z] C N. (Without loss of generality, one can 
take Z to he the preimage in U of the neutral connected component of Z{U /N).) 



We claim that v defines a fc-group scheme morphism (pi, : U/N — > (Z/N)*. 



In the proof of this claim we will use the standard correspondence between central 
extensions (or bi-extensions) of connec ted (q uasi-)algebrai c grou ps by Qp/Zp and 
(bi)multiplicative Qp/Zp-torsors (see Ka09| and Lemma A.l€ above). Thus we 



will also denote by v the multiplicative Qp/Zp-torsor on N defined by 

First we will define a morphism of fc-schemes U — > Z*. By definition, this 
is the same as constructing a central extension of U Xk Z, viewed as a group 
scheme over U, by Qp/Zp. We define a Qp/Zp-torsor onU Xk Z hy £ = c*z^, where 
c : U Xk Z — > N, c(u, z) — [u, z] :— uzu"^ z~^ . Now we apply the following result. 

Lemma A. 33 The restrictions of £ to N Xk Z and U Xk N are trivial torsors. 
Moreover, let fiij : U XkU — !■ U , '■ Z x^ Z — > Z denote the multiplication 
morphisms, and let pi,p2 : U XkU — > U and (71 , (72 : Z Xk Z — > Z he the natural 
projections. Then 

[idu xpizT£ = (idc/ ® i\du xq2)*£ (A.IO) 

as Qp/Zp-torsors on U Xk Z Xk Z , and 

{flu X idz)*^ - (pi X idz)*£ ® iP2 X idzT£ (A.ll) 
as Qp/Zp-torsors on U x^U x^Z . 



The proof of Lemma A. 33 is given below. Note that formula ( A.10| ) implies 



that £ corresponds to a central extension of C/ x^ Z, viewed as a group scheme 
over U, by Qp/Zp, and hence defines a morphism U — > Z* of fc-schemes. Formula 



(A.ll) implies that, moreover, this morphism is a group homomorphism. Finally, 
the first sentence of the lemma means that this homomorphism factors through a 
homomorphism ipi, : U/N — > (Z/N)*, as claimed. 
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Remark A. 34 Note that Z/N G cpu^, because [[/, Z] C N , and hence, a fortiori, 
[Z^ Z] C N . The restriction of to Z/N is a bi-extension of (Z/N, Z/N) by 
Qp/Zip. In fact, this extension is skewsymmetric (Definition A. 2^ ) by the very 
construction of (indeed, observe that the restriction of c to the diagonal in 
Z X}^ Z is constant). 



Proof of Lemma A. So . The following observation will be used several times in 
the proof below. Let a : U Xk N — > N denote the conjugation action map: 
I — > unu^^ . Then a*v is a Qp/Zp-torsor over U Xk N, and it is clear that 
if we view U Xk N as a group scheme over U, then a*i> becomes a multiplicative 
Qp/Zp-torsor, in the sense that 

{idu x^,iM)*a*v = i/idu xri)*a*v ® i\du xr2)*a*v 

as Qp/Zp-torsors on U x^N XkN, where /x^v : N x^N — > N is the multiplication 
morphism and ri,r2 : N Xk N — > N are the two projections. Hence a*^ defines 
a morphism of fc-schemes U — > N* , which is nothing but the orbit map for the 
[/-action on G N*(k). By assumption, v is [/-invariant, whence 

a*iy^iQp/Zp)u^iy, (A.12) 

where {Qp/1'p)u denotes the trivial Qp/Zp-torsor on U. 



Let us prove that, in the notation of Lemma A. 33, the torsor f ^ is 

^ ' C -J' INXkZ 



trivial. The following composition clearly equals c 



id X (ct I ) 

N XkZ ^ N XkZ XkN — > N Xk N ^" > A, 

where i{n, z) = (n, z,n^^). Therefore 

^ L*[idx{a\^^^j^)]*{ti%iy) 

^ t*(i.H(Qp/Zp)t/Hiy) = (Qp/Zp)jvx,z, 

as claimed, where the isomorphism before the last one uses ( |A.12| ). 

The triviality of f [^^^ is proved by a completely analogous argument. 
Let us prove ( A.lOj ). It is straightforward to verify the identity 

c{u,ZiZ2)—c{u,Zi)-c{u,Z2)-a{zi,c{u,Z2)) \/u^U, Z\,Z2<^Z. 
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It translates into the commutativity of the fohowing diagram 

/3 



U Xk Z Xk Z ■ 
U XkZ- 



NxkNxkN 
N 



where fisjni , n2 , n^) = nin2n3 and I3{u, ^1,22) = (c(u, zi), c{u, Z2), a(zi, c(u, Z2))) ■ 
Therefore, using (A. 12), we find that 



= {idu xqifc'v ® (idj/ xq2)*c*i' (g) (Qp/Zp)[/x^zxfcZ 
= {idu xqi)*£ ^ {idu xq2)*£, 



which proves (A.IC). 

Finahy, the proof of ( |A.ll ) is very similar, so we omit the details. The argu- 
ment uses the easily verifiable identity 

c(uiU2, z) — c(ui, z) ■ C(U2, z) ■ c{zUiZ^^ , c{u2, -z)^""") 

together with the multiplicativity property of v (i.e., ^'^v = v ^ v M v) and the 



fact that £\jj .j is trivial. This completes the proof of Lemma A. 33 



□ 



A. 14 Lifting central extensions 

In this subsection we prove a result on lifting central extensions of c onn ected 
unipotcnt groups by Qp/Zp that is essentially equivalent to Proposition 7/? used 
in the main body of the text. 

Proposition A. 35 Let k he {as usual) a perfect field of characteristic p > 0, let 
G he a connected unipotent group over k, let H d G be a connected subgroup such 
that \G,G] C H, and consider a central extension 







H 



H 



0. 



(A.13) 



Assume that the commutator morphism com : G x G — > H lifts to a morphism 
G X G — > H. Then (A.13) lifts to a central extension of G hy Qp/Zp. 



Remark A. 36 The reader may observe that in this result we departed from our 
tradition of working with perfect unipotent groups. However, the difference be tween 



jebraic and quasi- algebraic groups is absolutely irrelevant in Proposition A. 3, 



(which we could have equally well stated for perfect unipotent groups). Indeed, 
if G is any algebraic group over k, the natural pullback map H'^{G,Qp/'Iip) — t- 
{Gperf , Q p/Zp) is easily seen to be an isomorphism, where, as in the proof of 
Proposition A.3L, we write H'^{G,Qp/Zp) for the abelian group of isomorphism 
classes of central extensions of G hy Qp/Zp in the category of k- group schemes. 
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Proof of Proposition A. 35. It is clear that we can choose a lift c : G x G — > H of 
the commutator morphism which satisfies c(l, 1) = 1. We assert that c makes the 
homomorphism 5 : H — > G obtained by composing tt with the inclusion H ^ G 



a strictly stable crossed module in the terminology of |Br94 



Let us briefly recall what this means. Define a morphism G x H — > H by 
{g, h) I — > :— c{g, S{h)) ■ h. This morphism is a regular left action of G on by 
algebraic group automorphisms, satisfying 

6{<^h) = g5{h)g-'^ and ^'^''^h' ^ hh'h-^ y g e G, h, h' (E H . 

(This is a slight abuse of notation since we should not be using "elements" of G 
and H, but it is easy to rewrite the identities above purely in terms of morphisms 
of schemes.) In addition, c satisfies c{g,g) = 1, c{g,h)c{h,g) = 1, and a few other 
conditions (coming from the axioms for a braided monoidal category) , all of which 
are carefully formulated in [Br94| and in ]Ka09| . 

All the equations for the morphism c mentioned in the previous paragraph 
are automatically satisfied in our situation because G is connected (and therefore 
geometrically integral), Qp/Zp is discrete, and c(l, 1) = 1 by assumption. The full 
proof is left as a simple exercise for the reader. The details can also be found in 



|Ka09| 



According to |Br94 , c induces the structure of a strictly commutative Picard 
stack on the quotient stack G/H; see |Br94| or pGA4| , Exp. XVIII, §1.4] for the 
definition of a strictly commutative Picard stack. According to Proposition 1.4.15 
in loc. cit., if A and B are sheaves of abelian groups on any site, then strictly 
commutative Picard stacks V with noiV) = A and tti{V) = B are classified up 
to equivalence by the group Ext^(^, S). In our situation, Tro{G/H) = G/H and 
7ri(G/i?) =Qp/Zp. 

We claim that Ext^ (G/i7, Qp/Zp) = 0. Indeed, G/H is a connected com- 
mutative unipotent group over k, so since k is perfect, G/H has a filtration by 
connected subgroups with all the successive subquotients isomorphic to Gq. By 
induction on dim(G/-ff), we are reduced to the following lemma, which is proved 
in SA.15 below. 



Lemma A. 37 If k is any perfect field of characteristic p > Q, then 

Ext''(Ga, Qp/Zp) = for all r > 2, 

where Qp/Zp is viewed as a discrete group scheme over k and the group Ext^ is 
computed in the category of sheaves of abelian groups on the fppf site of Spec k. 

We see that the Picard stack G/H is equivalent to the "trivial one", defined 
as the product {G/H) x (Qp/Zp — tors), where G/H is the discrete (i.e., having no 
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nontrivial morphisms) strictly commutative Picard stack defined by the commuta- 
tive algebraic group G/H and Q^p/'Lp — tors is the Picard stack of Qp/Zp-torsors 
This implies that the 1-morphism H — > Qpf^p — tors of gr-stacks (cf. [Br94 



or [Ka09 ) obtained from the central extension (A. 13) extends to a 1-morphism 
G — y Qp/Zp — tors , which in turn implies that x lifts to a central extension of G 
by Qp/Zp. □ 



A. 15 Proof of Lemma A. 37 



The argument presented below is based on an idea borrowed from §111.0 of |Mil 
and uses a result of L. Breen |Br81 . Breen also has independently suggested an- 



other proof of Lemma A. 37 (in private communication). 



The perfect site, kpf, of Spec k is defined as the category of perfect fc-schemes 



of quasi-finite type (see §A.4) over fc, with the Grothendieck topology for which 
the covering families are the surjective families of etale morphisms. 

For brevity, we will introduce the following (non-standard) notation. Let us 
write ^ for the category of sheaves of abelian groups on the fppf site fc/pp/ of 
Spec/c, and let us write £^{p) for the category of sheaves of Fp-vector spaces on 
the site kpf. We claim that there is a natural (quasi-)isomorphism 



i?Hom^(p)((Ga,Z/pZ) ^ i?Hom^((Ga,Qp/Zp)- 



(A.14) 



Indeed, following the proof of Lemma 111.0.13(a) of |MiO£], let us choose an in- 
jective resolution Qp/Zp — > J'' in the category . Injective abelian sheaves are 
divisible, so if we let J"^ be the kernel of the multiplication by p map J'^ — > J"^ 
for every j > 0, then the complex J^* is a resolution of l^jpl, which restricts to an 
injective resolution of 'Ljp'L in the category ^(p). Moreover, since any morphism 
Ga — !■ automatically factors through J"^ (because Gq is annihilated by p), 
we obtain (A.14). 



To complete the proof of Lemma A. 37 we use the Artin-Schreier sequence 



Z/pZ > Ga ) — > (A.15) 

Gq) = for all j > 1. Applying the functor 
Hom^(p) (Gq, — ) to dA.lSp and using the associated long exact sequence of the Ext 



In PrSlj it is proved that Ext^^^^ ( 



groups, we find that Ext^(^p-)(Ga, Z/pZ) = for all r > 2. By (A.14), we are done 



Appendix B: Proof of Theorem gT^ 



In this appendix we present a proof of Theorem |2.6|, which is due to V. Drinfeld. 
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B.l Setup 

We fix an easy unipotent group G over and an irreducible representation p of 
G(Fg) over Q^. Let us list a few facts, which were established in the course of 



proving Theorem 2.5 in the main body of the text. 



(1) There exists an admissible pair {H, C) for G (where iJ is a connected subgroup 
of G defined over Fg and £ is a multiplicative Q^-local system on H) such that 
the restriction of p to H{¥q) contains tc as a direct summand (Theorem 7.1). 



(2) Let G' denote the normalizer of {H,C) in G. Then G' is connected and the 
dimension of G' /H is even (§ |).4.1 ). Also, G' /H is commutative, which results 
from the connectedness of G' and the definition of an admissible pair. 



(3) Let ipc ■ {G'/H)perf — > (G'/H)*^^^ denote the homomorphism induced by 
§ A.13| . Then ipc is an isomorphism (see §3.4.1). 



as m 



(4) The skewsymmetric bi-additive map Be : {G'/H){¥q) x {G'/H){¥g) 



induced by tpc is nondegener ate (see § |9.4.2| ). 



(5) Let L C [G' / H){W q) be any Lagrangian subgroup with respect to B^, and 



let L denote the preimage of L in G'(Fg). Then tc '■ H{¥q) 



extended to a homomorphism x ■ L 
have p 



can be 



and for any such extension, we 



Ind?^^'^ X (see § ^.4.2| ). 



B.2 Existence of Lagrangian subgroups 

Next we will formulate a result that implies Theorem |2.6| in view of the facts 
we listed above. Let A be a perfect connected commutative unipotent group over 
¥q, and let (p : A — > A* denote an isomorphism that induces a skewsymmetric 
bi-extension (Definition A. 22) of {A, A) by Qp/Zp (in particular, ip* = —(p). Let 

B^p : A{¥q) X A(¥q) — > denote the skews ymmetric bi-additive map induced 
by ip; it is nondegenerate by Proposition A. 18. 



Proposition B.l With the notation above, there is a Lagrangian subgroup L C 
A{¥q) with respect to B^p such that L — L{¥q) for some connected subgroup Lc A. 

The proof of the proposition will be given below. It is clear that Theorem 
2.6 follows from the proposition, because the latter implies that the Lagrangian 



subgroup L mentioned in § |B.l| (5) can be chosen to have the form L{¥q) for a 
connected subgroup L C G'/H. Letting P be the preimage of L in G", we have 
L = P{¥q), and the proof of the theorem is complete. 
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B.3 Strategy of the proof 



The proof of Proposition p3.1| has two steps. First we will reduce it to the case 
where A is annihilated by p. In this case, a stronger statement holds: 

Lemma B.2 Let A be a connected commutative unipotent groupp^ over ¥q such 
that p ■ A = Q, and let L C A{¥q) he any subgroup whose order is a power of q. 
Then there exists a connected subgroup L(Z A such that L = L(¥q). 



Note that when p- A = 0, Lemma B.2 implies Proposition |B.1| , because in the 
setting of the proposition, the order of any Lagrangian subgroup L C A(¥q) with 
respect to B^p equals A(¥^^^ = (jr('^™^)/2^ which is a p ower of q because dim^ 



is even by Proposition A.2S| (b). The lemma is proved in §B.5 below 



B.4 Reduction of Proposition |B.1| to the case p ■ A = 



Let us suppose that A is not annihilated by p, and let n > 2 be the smallest 
integer such that p" • A = 0. Let Aq = p"^^ • A. Then Aq is a nontrivial connected 
subgroup of A, and is isotropic with respect to the skewsymmetric bi-extension 
induced by (p, because p"^^ -p"^^ > p". Let Aq be the orthogonal complement to 
Aq in A, i.e., 

< = ^-i(Kcr(A* A*)) C A. 

Then Aq C Aq, and Ai := Aq/Aq is also connected. Moreover, ip induces a 
strongly nondegenerate skewsymmetric bi-extension of (Ai,Ai) by Qp/T^p. Since 



dimAi < dim^, we may assume that Proposition B.l holds for this bi-extension. 
Since Aq is a connected algebraic subgroup of A, the reduction to the case p-^ = 
is complete. 



B.5 Proof of Lemma IB. 2 



Throughout the proof, q is assumed to be fixed, and Ga denotes the additive group 
over the field ¥q. Let W = A{¥q); it is canonically an Fp-vector space. Since A is 
annihilated by p, it is isomorphic to a direct sum of copies of Ga, whence we may 
assume that A — G]^. Let L C W he any subgroup of order q'^, where < fc < n. 
Let A' C Ahe the direct sum of the first k copies of Ga- Then A'{¥q) and L are 
Fp-subspaces of W and have the same dimension over Fp. Hence there exists an 
Fp-linear map f : W — > W such that L = f{A'{¥q)). 

The ring End(Ga) of endomorphisms of Ga as an algebraic group over F^ 
contains all the elements of F^ (acting by dilations), as well as the Frobenius map 
X t—^ x^. It follows from Lemma |B.3| below that the natural ring homomorphism 
End(Ga) — > EndFp(Fg) is surjective. This easily implies that the natural homo- 
morphism End(A) — > EndFp(M^) is surjective as well. In particular, the linear map 



^^We can take A to be either an algebraic group in the usual sense, or a perfect algebraic 
group. The distinction between the two classes of groups is irrelevant here. 
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/ in the previous paragraph is induced by an endomorphism of A, which, by abuse 
of notation, we will also denote hy f : A — > A. Then f{A') is a connected sub- 
group of A. Moreover, L = /(A'(F,)) C /(.4')(F,), while dim /(A') < dim A' = k, 
which implies that \ f {A'){¥q)\ < q'' ^ \L\. Thus L = f{A')(¥g). D 

B.6 An auxiliary result 

Let us recall a construction. If i? is a ring and F is a group acting on R by ring 
automorphisms, the smash product i?#r is defined to be the ring whose elements 
are formal sums X]7Gr '^-yli where a-y € R and all but finitely many a-y are 0; the 
addition in i?#r is defined in the obvious way; and the multiplication is determined 
by (ai7i) • (0272) = (ai • 71(02)) • (7172)- 

Lemma B.3 Let K C L be a finite Galois extension of fields, and let T = 
Gal{L/K). The natural homomorphisrr^ LjfT — > End/i-(L) is an isomorphism 
of K -algebras. 

Proof. One can easily show that L^T is a simple rin^^. Furthermore, L is simple as 
a module over itself, and hence, a fortiori, as a module over L^t^T. Since Endi;,(L) = 
L, it follows that EndL#r(i) — ~ K. Using Wedderburn theory, we conclude 
that — > Endif (L) is an isomorphism. □ 
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